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ABSTRACT. Let ¥ be a set of prime numbers which is either of car-
dinality one or equal to the set of all prime numbers. In this paper,
we prove that various objects that arise from the geometry of the con-
figuration space of a hyperbolic curve over an algebraically closed field
of characteristic zero may be reconstructed group-theoretically from the
pro-% fundamental group of the configuration space. Let X be a hyper-
bolic curve of type (g,r) over a field k of characteristic zero. Thus, X
is obtained by removing from a proper smooth curve of genus g over k
a closed subscheme [i.e., the “divisor of cusps”] of X whose structure
morphism to Spec(k) is finite étale of degree r; 2g —2+7r > 0. Write X,
for the n-th configuration space associated to X, i.e., the complement
of the various diagonal divisors in the fiber product over k of n copies of
X. Then, when k is algebraically closed, we show that the triple (n,g,7)
and the generalized fiber subgroups — i.e., the subgroups that arise from
the various natural morphisms X,, — X [m < n], which we refer to
as generalized projection morphisms — of the pro-X fundamental group
II,, of X,, may be reconstructed group-theoretically from II,, whenever
n > 2. This result generalizes results obtained previously by the first
and third authors and A. Tamagawa to the case of arbitrary hyperbolic
curves [i.e., without restrictions on (g,7)]. As an application, in the case
where (g,7) = (0,3) and n > 2, we conclude that there exists a direct
product decomposition

Out(Il,) = GT” X &,43

— where we write “Out(—)” for the group of outer automorphisms [i.e.,
without any auziliary restrictions!] of the profinite group in parentheses
and GT* (respectively, &,13) for the pro-X Grothendieck-Teichmiiller
group (respectively, symmetric group on n+ 3 letters). This direct prod-
uct decomposition may be applied to obtain a simplified purely group-
theoretic equivalent definition — i.e., as the centralizer in Out(Il,) of
the union of the centers of the open subgroups of Out(Il,) — of GT=.
One of the key notions underlying the theory of the present paper is
the notion of a pro-X log-full subgroup — which may be regarded as a
sort of higher-dimensional analogue of the notion of a pro-3 cuspidal
inertia subgroup of a surface group — of Il,,. In the final section of the
present paper, we show that, when X and k satisfy certain conditions
concerning “weights”, the pro-l log-full subgroups may be reconstructed
group-theoretically from the natural outer action of the absolute Galois
group of k on the geometric pro-l fundamental group of X,,.
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INTRODUCTION

Let (g,7) be a pair of nonnegative integers such that 2g — 2 +r > 0; k
an algebraically closed field; X a hyperbolic curve of type (g,7) over k, i.e.,
the open subscheme of a proper smooth curve of genus g over k£ obtained by
removing r closed points. In the following discussion, we shall write “IT(_)”
for the [log] étale fundamental group of a connected locally noetherian [fs
log] scheme [for some choice of basepoint]. If the characteristic of k is zero,
then Ilx is a surface group [cf. the discussion entitled “Topological Groups”
in §0]; in particular, if > 0, then

IIx is a free profinite group of rank 2g +r — 1.
Thus, at least in the case of k of characteristic zero,

the isomorphism class of the profinite group Ilx is insufficient to
determine (g, 7).

[Note that, if the characteristic of & is positive, then
the isomorphism class of Illx completely determines (g,r)

— cf. [Tamal, Theorem 0.1.] On the other hand, if, instead of just consider-
ing the étale fundamental group of the given hyperbolic curve, one considers
the étale fundamental groups of the various configuration spaces associated
to the hyperbolic curve, then the following Fact is known [cf. [CbTpI],
Theorem 1.8; [MT], Corollary 6.3]:

Fact. Let X be a set of prime numbers which is either of cardinality one or
equal to the set of all prime numbers. For O € {o, e}, let X5 be a hyperbolic
curve of type (g, ) over an algebraically closed field of characteristic zero;
n= a positive integer; XED the nB-th configuration space of X HSD the
maximal pro-Y quotient of HXEID s

~

a: 117, — II7.
an isomorphism of profinite groups. Suppose that

{(907 7,0)7 (g',r')} N {(07 3)7 (17 1)} = 0.
Then the following hold:
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(i) The equality n°® = n® holds. If, moreover, n def o — e > 2, then
(9°,7°) = (9°,7°).

(ii) The isomorphism « induces a bijection between the set of fiber
subgroups of II; and the set of fiber subgroups of II7,.

Here, we recall that a fiber subgroup of II%) is defined to be the kernel of the
natural [outer] surjection

HE —» Han
— where 1 < m < n — induced by a projection X, — XL obtained by
forgetting some of the factors. In this paper, we first generalize the above
Fact to include the case of arbitrary hyperbolic curves [cf. Theorem 2.5 for
more details]:

Theorem A. (Group-theoreticity of the dimension, genus, number
of cusps, and generalized fiber subgroups). Let ¥ be a set of prime
numbers which is either of cardinality one or equal to the set of all prime
numbers. For (0 € {o,e}, let XT be a hyperbolic curve of type (g7, 7) over
an algebraically closed field of characteristic zero; n® a positive integer; XED
the nP-th configuration space of X5; HED the maximal pro-X quotient of
II X2, ;
(673 H;o :> H:Lo
an isomorphism of profinite groups. Then the following hold:

(i) The equality n° = n® holds. Moreover, if n def 1o = pe > 2, then
(9°,7°) = (g°,7°).
(ii) If n > 2 [ef. ()], then « induces a bijection between the set of

generalized fiber subgroups of II;, [cf. Definition 2.1, (ii)] and
the set of generalized fiber subgroups of II? .

Here, note that Theorem A, (ii), fails to hold if one uses [“classical”] fiber
subgroups instead of gemeralized fiber subgroups. Indeed, one verifies imme-
diately [cf. Definition 2.1, (i); Remark 2.1.1] that the following holds:

Let n > 2 be a positive integer; X,, the n-th configuration
space of X; II,, 3 IIx,. Suppose that (g,7) € {(0,3),(1,1)}.
Then for any [“classical”] fiber subgroup F' C II,,, there exists
an automorphism « € Aut(Il,,) — which arises from an k-
automorphism € Auty(X,) — such that a(F') C I, is not a
[“classical”] fiber subgroup of II,,.

We also remark that, in Theorem 2.5, below, we give explicit group-theoretic
algorithms for reconstructing the triple (n,g,r), as well as the generalized
fiber subgroups of 11, from II,.

Next, we apply Theorem A, (ii), to prove the following result [cf. Corollary
2.6 for more details]. This result may be regarded as a generalization of
[CbTpll], Theorem B, (i), to the case of arbitrary hyperbolic curves.

Corollary B. (Structure of the group of outer automorphisms of
a configuration space group). Let ¥ be a set of prime numbers which
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is either of cardinality one or equal to the set of all prime numbers; X a
hyperbolic curve of type (g,r) over an algebraically closed field of character-
istic zero; n > 2 a positive integer; X, the n-th configuration space of X;
II,, the mazimal pro-X quotient of llx,, ;

e e {n+r it (g,r) €{(0,3). (1,1}
no i (9) #03), (1L

S+ the symmetric group on n* letters. Write Out(IL,) for the group of outer
automorphisms [i.e., without any auziliary restrictions!] of the profinite
group 1I,,. Let us regard S, as a subgroup of Out(1l,) via the natural
inclusion S+ — Out(Il,,) induced by the natural action of &y« on X, [cf.
Remark 2.1.1]. Suppose that (r,n) # (0,2). Then we have an equality

Out(Il,) = Outs"(IL,) x &,

— where we write Out®¥ (IL,,) for the group of outer automorphisms of 1L,
that stabilize arbitrary generalized fiber subgroups of 11,,.

In this context, we remark that, in Corollaries 2.6, (ii); 2.10, (iv), below,
we give explicit group-theoretic algorithms for reconstructing the subgroup
Sp+ € Out(Il,) from IL,.

In particular, by restricting Corollary B to the case where (g,7) = (0, 3),
we obtain the following result [cf. Corollary 2.8 for more details]:

Corollary C. (Simplified group-theoretic approach to the pro-
Y. Grothendieck-Teichmiiller group). In the notation of Corollary B,
suppose that (g,r) = (0,3). Then Out®¥(IL,) may be naturally identified
with the pro-X Grothendieck-Teichmiiller group GT* [cf. Definition
2.7]. In particular, we have an equality

Out(Il,) = GT* x &,,43.
Moreover, we have
6n+3 = ZOut(Hn)(GTE) = Zloc(out(nn))v

GT® = Zowm,)(2°°(Out(IL,))

— where we write Z'°°(Out(I1,,)) for the local center of Out(Il,) [cf. the
discussion entitled “Topological Groups” in §0].

Before proceeding, it is perhaps of interest to consider the significance of
Corollary C in the broader context of the considerations that motivated the
introduction of the Grothendieck-Teichmiiller group GT [i.e., GT*, in
the case where Y is taken to be the set of all prime numbers]. Let Q be an
algebraic closure of Q. Write Gg def Gal(Q/Q). Thus, for a suitable choice
of basepoints, one has an embedding

Go < GT (C Out(Il,))

[cf., e.g., [NodNon], Theorem C]. Indeed, historically, one of the main moti-
vating reasons for the introduction of GT was the point of view that, relative
to the above embedding,
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GT should serve as a sort of purely combinatorially/group-
theoretically defined approximation of Gg.

That is to say, the conditions used to define GT were thought of as a sort
of “first approxzimation” for [still unknown| conditions for describing Gg
as a subgroup of Out(Il,). Thus, when regarded from this point of view,
Corollary C may be interpreted as asserting that

this approach to regarding G'T as a “first approximation” to
the goal of describing Gg as a subgroup of Out(Il,) is fun-
damentally flawed, in the sense that GT, up to a “trivial
finite factor” given by the symmetric group &,,3, already
essentially coincides with Out(11,,).

In fact, GT, when regarded as a “first approxrimation” of Gg as a subgroup
of Out(1l,), is also fundamentally flawed in a somewhat deeper, more
philosophical sense, as follows: The conventional approach to defining GT
[cf. the discussion of Definition 2.7 for more details] involves the use of

(S1) the inertia subgroups C 1I,, associated to the various log divisors of
X8 [cf. the discussion entitled “Curves” in §0] and

(S2) the subgroup S,4+3 C Out(IL,) of Corollaries B, C.
Here, we note that, at least at an a priori level,

both (S1) and (S2) are data that arise from [characteristic
zero| scheme theory, i.e., scheme theory over Q.

That is to say, this state of affairs — i.e., in which GT is defined within
Out(II,,) by means of conditions that involve data that arise from scheme
theory over Q — is

fundamentally philosophically inconsistent with the goal

of giving purely combinatorial/group-theoretic condi-

tions — i.e., conditions that are independent of scheme theory

over Q — for describing Gg [whose construction is immedi-

ate, once one allows the construction to depend in a quite

essential fashion on scheme theory over Q!] as a subgroup of

Out(II,,).
Here, we note that, of course, one can attempt to avoid scheme theory in
the construction of the data (S1), (S2) by base-changing via some embedding
t : Q@ = C and then constructing the data (S1), (S2) via techniques from
classical topology. On the other hand,

this yields a definition of GT that depends essentially on the
choice of the embedding ¢ : Q < C, i.e., the choice of an
archimedean valuation of Q.

In order to eliminate this dependence, one must employ some sort of “an-
alytic continuation apparatus” to relate the constructions of the data (S1),
(S2) at different archimedean valuations of Q. The conventional approach to
resolving this issue is to take the “analytic continuation apparatus” to be the
“paths” [i.e., between the étale fundamental groups associated to different
basepoints| that arise from the theory of [SGA1]. On the other hand,

such “[SGA1] paths” [i.e., this theory of [SGA1]] are them-
selves fundamentally dependent on scheme theory over Q,
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hence, in particular, insufficient from the point of view of
the goal of obtaining a definition of GT that is independent
of scheme theory over Q.

[Indeed, here it is perhaps useful to recall that the subgroup of Out(Il,)
determined by G is precisely the monodromy that arises from such “[SGA1]
paths”!] That is to say, the only way to avoid a dependence on scheme theory
[over Q] is

to regard the various profinite groups that are constructed,

say, at distinct archimedean valuations of Q as mathemati-

cal objects that tautologically cannot be related to one

another by means of scheme theory [over Q], i.e., that

can only be related to one another as abstract profinite

groups.

This sort of “wall that tautologically obstructs scheme theory” is precisely
the sort of situation that arises in the theory of the log-wall/log-link
that appears in inter-universal Teichmiiller theory [cf. [AbsToplll], §I4;
[AbsToplll], Remark 3.7.7; the discussion at the beginning of [Pano], §4].
Here, we recall that once one takes this point of view of “inter-universal
analytic continuation”, one can no longer regard the abstract profinite
group “IL,” as being “equipped with auziliary data of scheme-theoretic ori-
gin” such as (S1), (S2), i.e., one must regard “IL,,” simply as “some abstract
profinite group”. Thus, in the context of the present discussion,

[the theory surrounding| Corollary C asserts that even if one
just regards “Il,,” simply as “some abstract profinite group”,
there exist purely combinatorial /group-theoretic algo-
rithms [i.e., that are entirely free of any dependence on data
that arises from scheme theory!] for constructing the data
(S1), (S2), hence also for constructing GT, from the abstract
profinite group 11,,.

In our proof of the equality “n® = n®” stated in Theorem A, (i), we focus
on a certain special kind of point — called a log-full point [cf. Definition
1.1] — of [the underlying scheme of] the log configuration space of a stable
log curve that gives rise to the given hyperbolic curve [cf. the discussion
entitled “Curves” in §0]. Roughly speaking, a log-full point is defined to be
a closed point of the log configuration space at which the log structure is
the “most concentrated’. For instance, if X'°% is a stable log curve over an
algebraically closed field equipped with an fs log structure, then the set of
log-full points of X8 coincides with the set of cusps and nodes of X'°8. In
particular, the notion of a log-full point of the log configuration space of a
stable log curve may be considered as a sort of higher-dimensional analogue
of the notion of a cusp/node.

In the following discussion, for simplicity, we consider the case of smooth
curves. Let [ be a prime number; ¥ a set of prime numbers which is equal
to either {l} or the set of all prime numbers; k£ an algebraically closed field
of characteristic ¢ ¥;

X8 — Spec(k)
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a stable log curve [i.e., where we regard “Spec(k)” as being equipped with

the trivial log structure| such that the interior [i.e., the open subscheme of
points at which the log structure of X8 is trivial] of X'°¢ is affine. Then
let us recall that a cusp of X'°8 determines [up to conjugation]

an inertia subgroup C Hilog [noncanonically] isomorphic to 7%

— where we write (—)* for the maximal pro-Y quotient of a profinite group
(=)

In a similar vein, if n is a positive integer, then a log-full point of the n-th
log configuration space X8 of X!°¢ determines [up to conjugation] what we
shall refer to [cf. Definition 3.4] as

def

a log-full subgroup C II,, = H)Ed?g [noncanonically] isomorphic to (ZE)@”.

Here, we observe that the dimension “n” appears as the rank of a log-full
subgroup. Thus, a log-full subgroup may be regarded as a sort of group-
theoretic manifestation of the dimension. In fact, this point of view plays
an important role in the proof of Theorem 1.6.

The notion of a log-full subgroup also plays an important role in our
approach to the following Problem:

Problem. Can one give a purely group-theoretic algorithm for reconstruct-
ing from II,, the inertia subgroups of 11,, associated to the various log divisors
of X,%8 [cf. the discussion entitled “Curves” in §0]?

In fact, since [as is easily verified] each inertia subgroup [ Z*] of II,, asso-
ciated to a log divisor of Xloe appears as a direct summand of some log-full

subgroup [2 (Z*)®"] of II,,, it is natural to divide this Problem into steps
(P1), (P2), as follows:

(P1): Can one give a purely group-theoretic algorithm for reconstructing
from II,, the log-full subgroups of 11,,7

(P2): Can one give a purely group-theoretic algorithm for reconstructing
from II,, together with the auxiliary data constituted by the set
of log-full subgroups of II,,, the direct summands of a given log-full
subgroup that arise as inertia subgroups associated to log divisors?

In the present paper, we prove a result that yields a partial affirmative
answer to (P1), in the form of a sufficient condition for the reconstructibil-
ity of log-full subgroups [cf. Theorem 3.8; Corollary 3.9; Proposition 3.11;
Corollary 3.12, (ii); Remark 3.12.1; Remark 3.12.2, for more details]:

Theorem D. (Group-theoretic preservation of log-full subgroups).
Let | be a prime number; n a positive integer. For O € {o, e}, let ko be a
field of characteristic # 1; Gy, the absolute Galois group of koy [for a suitable
choice of algebraic closure of knf; Xxy : Gy — Z]° the l-adic cyclotomic
character associated to ko XlljOg — Spec(kn) a smooth log curve; (ng)n

the n-th log configuration space of Xlljog; II the kernel of the natural

(X(7%)n ko
[outer] surjection H(Xé,g)n — Grys Al def Hgglog) . ; T the quotient of
D n
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H(ng)n Ty AY. Thus,
the natural conjugation action of II) on AV determines a natural outer
Galois action Gy, — Out(A}). Set numin = 3 if (g,7) # (0,3); Nmin = 2 if
(g,7) = (0,3). Suppose either that n > npy;, or that the following conditions
are satisfied:

by the kernel of the natural surjection ]._.[(Xlog)
[:’ n

(a) ko is strongly l-cyclotomically full [cf. Definition 3.1, (iii)/.

(b) Let J C AT be a characteristic open subgroup. Observe that TIT
naturally acts on J by conjugation, hence on JP/edge ®z, Qi [cf. the
discussion entitled “Topological groups” in §0]. Write py : I —
Aut@l(Jab/edge ®z, Q) for this action of IIT on Jab/edge ®z,Qq. Then
there exists a finite filtration oleD -stable Q;-subspaces of Jab/edge®zl
Qq such that, for each subquotient of this finite filtration, there ex-
ists an element g € I such that the restriction to this subquotient
of ps(9) is Xk, (g)-transverse [cf. Definition 3.1, (ii)/, where, by
abuse of notation, we write Xy, (—) for the restriction of xi-(—), as
defined above, via the natural [outer] surjection IIP — Gy .

Let

a: A =AY
be an isomorphism of profinite groups that is compatible with the respec-
tive natural outer Galois actions G° — Out(A?), G* — Out(A?) relative

to some isomorphism of profinite groups G° = G*. Then for any log-full
subgroup A C AY of AY, a(A) C A? is a log-full subgroup of A?.

Theorem D may be considered as a sort of higher-dimensional analogue of
the reconstruction of inertia subgroups of surface groups given in [CmbGC],
Corollary 2.7, (i). Finally, we remark that a complete affirmative answer to
(P2) may be found in [Higashi].
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0. NOTATIONS AND CONVENTIONS

Numbers:

The notation Q will be used to denote the field of rational numbers. The
notation Z will be used to denote the set, group, or ring of rational integers.
The notation N will be used to denote the set or additive monoid of non-
negative rational integers. The notation Primes will be used to denote the
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set of all prime numbers. Let X be a nonempty subset of Primes. Then we
shall write

ZZ
for the pro-X completion of Z. 1f | € Primes, then we shall write Z; def 743
The notation Q; will be used to denote the quotient field of the ring Z;. For
a field k, we shall denote by ch(k) the characteristic of k.

Schemes:

If S is a scheme, and s is a point of the underlying set of the scheme S,
then, for simplicity, we shall write

s € S.

Log Schemes:

We refer to [KK1], [KK2] for basic facts concerning log schemes and log
structures. In this paper, log structures are always considered on the étale
topoi of schemes [or algebraic stacks]. If X'°8 is a log scheme, then we shall
write M x for the sheaf of monoids that defines the log structure of X2, X
for the underlying scheme of X8, If flog . Xxlog _ Y108 i a morphism of
log schemes, then we shall write f : X — Y for the associated underlying
morphism of schemes; we shall refer to the image of M x in the cokernel of
the morphism induced on groupifications f*MS§P — M5 by the morphism
f*My — My determined by f°8 as the relative characteristic of f1°8. If
X2 is a log scheme, then we shall refer to the relative characteristic of
Xlog 5 X where X is regarded as a log scheme equipped with the trivial
log structure, as the characteristic of X'°8. If P is a finitely generated free
abelian group, then we shall write rk(P) for the rank of P.

Let X8 be a log scheme, and Z a geometric point of X. Then we shall
denote by I(Z, Mx) the ideal of Ox 5z generated by the image of M x z\O% -
via the morphism of monoids Mxz — Oxz induced by the morphisfrl
Mx — Ox which defines the log structure of X log

If X2 V198 are fs [i.e., fine saturated] log schemes over an fs log scheme
Z'°8 then we shall denote by X'°8 x /10, Y18 the fiber product of X'°8 and
Ylog gver Z°2 in the category of fs log schemes; we shall refer to as the
interior of X1°8 the open subscheme of points at which the log structure of
X8 is trivial.

Curves:

Let n be a positive integer; (g, 7) a pair of nonnegative integers such that
29 —2+1r>0; X — S a hyperbolic curve of type (g,7) [cf. [MT], §0]; P,
the fiber product of n copies of X over S. Then we shall refer to as the n-th
configuration space of X — S the S-scheme

X, — S
representing the open subfunctor

T (fie ) €R(T) | fid fj i i#]}
of the functor represented by P,.
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We shall write M, for the moduli stack of r-pointed stable curves of
genus g over Z [where we assume the marked points to be ordered|, M, , for
the open substack of ﬂg,r which parametrizes smooth curves, ﬂ;g for the
log stack obtained by equipping ﬂg,r with the log structure determined by
the divisor at infinity M, , \\M,,, and Cy,(r] = My, for the stack-theoretic
quotient of the morphism Mg 11 — M, [i.e., determined by forgetting the

(r + 1)-th marked point] by the action of the symmetric group on r letters

on the labels of the [first r] marked points. Let k be a field. Then we shall

write (Mg,r)k déf Mg,r XSpec(Z) Spec(k)

Let X'°& — S'¢ be a stable log curve of type (g,7) [cf. [CmbGC], §0].
Then we shall refer to as the n-th log configuration space of X°8 — S8 the
S8 log scheme

Xlos _ glog
obtained by pulling back the morphism ﬂz‘fi n = ﬂ;f determined by
forgetting the last n marked points via the classifying morphism 7%°% —

——1 . . , .
Mgo,;:" of X198 x ¢ T — T'o8 def S8 x ¢ T for a suitable finite étale covering T

of S [i.e., over which the divisor of cusps of X'°8 — S8 hecomes split] and
then descending from 7' to S. Note that, when the log structure on S8 is
trivial [i.e., “S°8 = §”], in which case the interior U of X'°8 may be regarded
as a hyperbolic curve over S, the interior of the n-th log configuration space
Xlos may be identified with the n-th configuration space U, associated to U.
When S'°2 is the spectrum of a field equipped with the trivial log structure,
we shall refer to the divisors of the underlying scheme X,, of X, 8 that lie in
the complement of the interior of X108 a5 log divisors of Xlos [or, depending
on the context of the discussion, of U,].

Let ¥ be a nonempty subset of Primes; S'°¢ an fs log scheme whose under-
lying scheme is the spectrum of an algebraically closed field of characteristic
¢ ¥: X8 — S a stable log curve. Then the pointed stable curve de-
termined by the log structure of X'°¢ defines a semi-graph of anabelioids of
pro-¥ PSC-type Gxiog [cf. [CmbGC], Definition 1.1, (i)]. We shall write

£(X1°8)

for the set of closed points of X which correspond to the edges [i.e., “nodes”
and “cusps”] of the underlying semi-graph of G 1o.

Topological Groups:
Let G be a topological group. Then we shall use the notation
Aut(G), Out(Q)

introduced in the discussion entitled “Topological groups” in [CbTpl], §0.
Thus, if G is a topologically finitely generated profinite group, then Aut(QG)
and Out(G) admit a natural profinite topology. Here, we recall from [NS],
Theorem 1.1, that, in fact, if G is a topologically finitely generated profinite
group, then Aut(G) and Out(G) remain unaffected if one replaces G by
the discrete topological group determined by G. This result [NS], Theorem
1.1, also implies that, if G is a topologically finitely generated profinite
group, then the natural profinite topologies on Aut(G) and Out(G) may be
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described as the topologies determined by the subgroups of finite index of
Aut(G) and Out(G).

Let ¥ be a nonempty subset of Primes, G a profinite group. Then we
shall denote by G* the mazimal pro-Y. quotient of G. For | € Primes, we
shall write GO % G, We shall say that G is almost pro-l if G admits an
open pro-/ subgroup.

We shall denote by G?" the abelianization of a profinite group G, i.e.,
the quotient of G by the closure of the commutator subgroup of G. If H
is a closed subgroup of a profinite group G, then we shall write Zg(H)
(respectively, Cq(H)) for the centralizer (respectively, commensurator) of
H in G [cf. the discussion entitled “Topological groups” in [CbTpl], §0].
We shall say that the closed subgroup H is commensurably terminal in G if
H = Cg(H). We shall write

Z9(H) € lig Zg(H') € G

H'CH

— where H' C H ranges over the open subgroups of H. We shall refer to

Z8°(H) as the local centralizer of H in G; Z°¢(G) o Z5°(@) as the local

center of G.

Let 3 be a nonempty subset of PBrimes. For a connected locally noetherian
scheme X (respectively, fs log scheme X'°8; semi-graph of anabelioids G of
pro-X PSC-type), we shall denote by

m1(X) (respectively, w1 (X'°8); IIg)

the étale fundamental group of X (respectively, log fundamental group of
X'og, pSC-fundamental group of G [cf. [CmbGC], Definition 1.1, (ii)]) [for
some choice of basepoint|. We shall denote by

ab/edge
Ig

the quotient of H?Jb by the closed subgroup generated by the images in Hgb
of the edge-like subgroups [cf. [CmbGC], Definition 1.1, (ii)] of IIg [cf.
[NodNon], Definition 1.3, (i)].

If K is a field, then we shall write G for the absolute Galois group of K,
i.e., m (Spec(K)).

Suppose that either ¥ = {i} or ¥ = Primes. We shall say that a profinite
group G is a [pro-X] surface group (respectively, a [pro-X] configuration
space group) if G is isomorphic to the maximal pro-X quotient of the étale
fundamental group of a hyperbolic curve (respectively, the configuration
space of a hyperbolic curve) over an algebraically closed field of characteristic
Zero.

1. GROUP-THEORETIC RECONSTRUCTION OF THE DIMENSION

In this section, we introduce the notion of a log-full point of an fs log
scheme [cf. Definition 1.1]. We then discuss some elementary properties
of the log-full points of the log configuration space of a stable log curve [cf.
Proposition 1.3]. As an application, we give a group-theoretic characteriza-
tion of the dimension of a [log] configuration space [cf. Theorem 1.6].
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Definition 1.1. Let X'°8 be an fs log scheme. Then we shall say that a
point x € X is log-full if, for any geometric point = lying over x, the equality
[cf. the discussion entitled “Log Schemes” in §0] holds.

Proposition 1.2. (Properties of closed points of log configuration
spaces). Let n be a positive integer; ¥ a subset of Primes which is either of
cardinality one or equal to Primes; k an algebraically closed field of charac-
teristic ¢ ;S def Spec(k); S'°% an fs log scheme whose underlying scheme
is S; X8 o stable log curve over S'°8; X8 the n-th log configuration space
of Xog; X(l)Og def Slog . X}log — X,llo_g1 the projection morphism obtained by
forgetting the factor labeled n, when n > 2; Xiog — X(l)Og the stable log
curve X198 — S°8- D the groupification of the relative characteristic of
Xloe Slog. Py def {0}; z,, € X,y a closed point; x,_1 the image of x, in
Xiofl,' 7108 (respectively, xlri)%l) the log scheme obtained by restricting the log
structure of X8 (respectively, X}fﬂ) to the [reduced, artinian] closed sub-
scheme of X, (respectively, X,,_1) determined by x, (respectively, T,_1).
Moreover, we shall write

def 1
(X ®)a,y = Xp® X T

lo
logﬂjgl_)nl

X,

for the stable log curve obtained by base-changing XOg — Xlog1 via the
natural inclusion 931171 lelofl; 71 (X028 /S18) (respectively, m (212 /S8))
for the kernel of the natural [outer] surjection (X%Og) —» m1(S1°8) (respec-
tively, m (%) - w1 (S5)); A © (XS Ay, E m (a®/58)¥;
IL,, (respectively, 11, ) for the quotient of m (Xi%) (respectively, m (zi%))
by the kernel of the natural surjection i ( nog/Slog) — A, (respectively,

Wl(wfg/Slog) — Ay, ). In particular, we have a commutative diagram of
[outer] homomorphisms of profinite groups

1 A, I, m1(S18) ——1
1 A, IL,, ™ (5'°8) — 1,
where the horizontal sequences are exact, and Lw , LE are the [outer] homo-

morphisms induced by the natural inclusion ar,fg — X}fg. Then the following
hold:

(i) Let us regard, by abuse of notation, x, (respectively, x,—1) as a
geometric point of X, (respectively, X,,—1). Then the following in-
equalities hold:

rk(Pnflzxn—l) S rk(Pnyxn) é rk(Pnflaxn—l)—i_]“

Here, in the first (respectively, second) inequality, equality holds if
and only if x, ¢ E(X8),, ) (respectively, x, € E((X1 )z, ).
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(ii) rk(Pnz,) < n.

(iii) Ag, = Z5(1)® Psn)  [Here, the “(1)” denotes a “Tate twist”.]
A

Tn

is injective. In particular, (!l is

(iv) The [outer] homomorphism ¢ o

also injective.

Proof. First, we consider assertion (i). To verify the inequalities, it suffices
to show that

0< rk(Pn/n—l,xn) <1
— where we write P, ,_1 for the groupification of the relative characteristic

of X8 — X:loﬁl. But this follows immediately from [KF], Lemma 1.4.
Here, note that rk(P,,/,_14,) = 0 (respectively, tk(Py, /,—14,) = 1) holds if
and only if x, & E((X8),. ) (respectively, z,, € E((X8),, ) [cf. [KF],
Lemma 1.6; [KF], Proof of Theorem 1.3]. This completes the proof assertion
(). Assertion (ii) is an immediate consequence of assertion (i). Assertion
(iii) follows from [Hsh], Proposition B.5. Finally, we consider assertion (iv).
First, we verify the case n = 1. Suppose that 1 ¢ £(X'°®). Then since
Ay, = {1} [cf. assertions (i), (iii)], it follows that (£ is injective. Thus,
we may assume that z1 € £(X'°8). Then the injectivity of Lﬁl follows from
[the evident pro-3 generalization of] [SemiAn], Proposition 2.5, (i) [cf. also
[CmbGC]J, Remark 1.1.3]. This completes the proof of assertion (iv) in the
case n = 1. Thus, it remains to verify assertion (iv) in the case n > 2. To
this end, let us first observe that the projection morphism X8 — X:lofl
induces [outer| surjections

Ay — An71§ Amn - A:zn,1

2
Tn

— where “A,_1", “A,, |7 are defined in the same manner as “A,”, “A
respectively. Write

def

Apn-1 def Ker(A, - A,—1); A = Ker(Agz, - Ay, ).

Tn/Tn—1

Thus, we have a commutative diagram of [outer] homomorphisms of profinite
groups as follows:

1 — A.In/l‘nfl Afﬂn Axn,1 - 1
l"n/nl J/LIAH ibﬁnl
1]—— An/n—l JANS A, —1

— where the horizontal sequences are ezxact, and Lﬁni (respectively, t,/n—1)

1
is the [outer] homomorphism induced by the natural inclusion xlrff 1= X ilofl
(respectively, induced by the [outer] homomorphism L:%n). [Here, we recall
that the image of ¢,,/,,_1 is commensurably terminalin A,, /,_y [cf. [CmbGC],
Proposition 1.2, (ii)]. This implies that ¢, ,_; is well-defined as an outer
homomorphism.] On the other hand, since [cf. [MT], Proposition 2.2, (i);

the discussion of “specialization isomorphisms” in the subsection entitled
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“The Etale Fundamental Group of a Log Scheme” in [CmbCusp], §0] one

may identify ¢, /,_; with the “L?l ” induced by the natural inclusion

x}’?g — (X}’Log)xnfl ’

it follows [from the case n = 1] that ¢/, is injective. Therefore, by

induction on n, we conclude that Lfn is ingjective. This completes the proof
of assertion (iv). O

Proposition 1.3. (Properties of the log-full points of a log config-
uration space). In the notation of Proposition 1.2, the following hold:

(i) x, € Xy, is log-full if and only if k(P z,) = n.
(ii) If zy, € X, is log-full, then x,_1 is also a log-full point of X, 1.
(iii) If z € X is log-full, then A,, = Z*(1)®".

Proof. First, we verify assertion (i). Fix a clean chart P — k of S'°% [cf.,
e.g., [Hsh], Definition B.1, (ii)]. Write 7' for the log scheme whose un-
derlying scheme is Spec(k[[P]]), and whose log structure is defined by the
natural inclusion P < k[[P]]; S'°% < T'°8 for the [strict] closed immersion
determined by the maximal ideal of k[[P]]. Thus, it follows immediately
from the well-known deformation theory of stable log curves that we may
assume without loss of generality that there exists a stable log curve

Ylog N Tlog

whose base-change via S'°¢ < T'°8 is isomorphic to [hence may be identified
with] X8 — S5 Write Yo® for the n-th log configuration space of Y°g.
Since T'°8 is log regular [cf. [KK2], Definition 2.1], and Ya°8 — T8 is log
smooth, it follows that Y, is also log regular [cf. [KK2], Theorem 8.2].
Thus, we obtain an equality

(*n)  dim(Oy, 4,) = dim(Oy, z,/I(Tn, My, )) + 1k(Qnz,)

— where we regard z,, as a geometric point of Y,,; 9,, denotes the groupifi-
cation of the characteristic of Yp%8 [cf. [KK2], Definition 2.1]. On the other
hand, it follows from the various definitions involved that we have equalities

dim(Oy, ,) = dim(O74,) +n, 1k(Qne,) = dim(Or 4, ) + tk(Ph a,, )-

— where we regard g as a geometric point of T'. Combining these equalities
with (x,), we obtain an equality

dim(Oy,, 2, /I(zn, My,)) = n —1tk(Pn s, )-

Thus, since dim(Ox,, z,/I(zn, Mx,)) = dim(Oy, z,/I(xn, My, )), we con-
clude that z, € X,, is log-full if and only if k(P 4,) = n. This completes
the proof of assertion (i). Assertion (ii) follows from assertion (i) and the fact
that rk(P,, z,) = n implies rk(Pp—14, ,) = n — 1 [cf. Proposition 1.2, (i),
(ii)]. Assertion (iii) follows from assertion (i) and Proposition 1.2, (iii). O
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Proposition 1.4. (Abelian closed subgroups of a pro-l surface
group). Let | be a prime number; G a pro-l surface group. Then every
nontrivial abelian closed subgroup of G is isomorphic to Z;.

Proof. Let H C G be a nontrivial abelian closed subgroup of G. Here, note
that H is of infinite index in G. [Indeed, this follows from the fact that every
open subgroup of G is also a pro-l surface group, hence nonabelian.] Thus,
it follows from the well-known fact that the I-cohomological dimension of a
closed infinite index subgroup of a pro-l surface group is < 1 [cf., e.g., the
proof of [MT], Theorem 1.5] that H is a free pro-l group [cf. [RZ], Theorem
7.7.4]. Since H (# {1}) is abelian, we thus conclude that H = Z;. O

Lemma 1.5. (Upper bound for the rank of free abelian pro-I
closed subgroups of a pro-l configuration space group). Let [ be
a prime number; n a positive integer; s a positive integer; X a hyperbolic

curve over an algebraically closed field of characteristic # 1; X, the n-th
configuration space of X; I, def (X)W ; H C 11, a closed subgroup such

that H = Zl@s. Then the inequality
s<n

holds.

Proof. Let us prove the inequality by induction on n. When n = 1, the
inequality follows from Proposition 1.4. Now suppose that n > 2, and that
the induction hypothesis is in force. Write

p: I, — 11y

for the natural [outer] surjection induced by the projection morphism X,, —
X obtained by forgetting the factors with labels # n. Then, by Proposition
1.4, it follows that either

p(H) = {1} or p(H)=17,
In particular, H’ N Ker(p) (C Ker(p)) satisfies either
H =7 or H =771

Here, we note that Ker(p) may be identified with the maximal pro-I quotient
of the étale fundamental group of the (n — 1)-st configuration space of some
hyperbolic curve over an algebraically closed field of characteristic # [ [cf.
[MT], Proposition 2.4, (i)]. Thus, by applying the induction hypothesis, we
obtain that either

s<n—1o s—1<n-—1,

which implies that s < n, as desired. O
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Theorem 1.6. (Group-theoretic characterization of the dimension
of a configuration space). Let [ be a prime number; n a positive integer;

X a hyperbolic curve over an algebraically closed field k of characteristic # 1;

X, the n-th configuration space of X ; 11, def m (Xn)(l). Then the following

equality holds:

n = max{s € N | Ja closed subgroup of II,, which is isomorphic to Z*}.

Proof. In light of Lemma 1.5, to verify the assertion, it suffices to show the
following claim:

There exists a closed subgroup H of 1I,, such that H = Zl@”.

Thus, we proceed to verify this claim. First, we observe that, by applying a
suitable specialization isomorphism [cf. the discussion preceding [CmbCusp],
Definition 2.1, as well as [CbTpl], Remark 5.6.1], one may conclude that
there exists a stable log curve Z'°¢ — S°8 where S is the spectrum of an
algebraically closed field of characteristic # [, and we write 718 for the n-th
log configuration space of Z'°8, satisfying the following properties:

E(Z'9%) £ 0, Ker(m(Z18) — my(5%8)V) ~11,.

[Here, we note that, although the algebraically closed field “k, = k” of the
discussion preceding [CmbCusp], Definition 2.1, is assumed to be of charac-
teristic zero, one verifies immediately that, if one restricts one’s attention to
pro-l fundamental groups, then this discussion generalizes immediately to
the case where “k, = k” is of characteristic # [.] Thus, by applying Proposi-
tions 1.2, (i); 1.3, (i), it follows that there exists a log-full point z,, € Z,,. In
particular, by applying Proposition 1.3, (iii) to z,, we conclude that there
exists a closed subgroup H of II,, such that H = Zl@". This completes the
proof of the claim, hence also of Theorem 1.6. U

2. GROUP-THEORETIC RECONSTRUCTION OF THE GENUS, NUMBER OF
CUSPS, AND GENERALIZED FIBER SUBGROUPS

In this section, we prove that, if n is a positive integer > 2, then the
triple (n,g,r) may be recovered group-theoretically from any configuration
space group that arises from the n-th configuration space of a hyperbolic
curve of type (g,7) over an algebraically closed field of characteristic zero
[cf. Theorem 2.5, (i)]. Moreover, by combining this result with a result of
Nakamura and Takao [cf. [NT], Theorem D], we generalize [MT], Corollary
6.3 — by introducing the notion of a generalized fiber subgroup [cf. Definition
2.1, (ii)] — to the case of arbitrary hyperbolic curves [cf. Theorem 2.5, (iii)].

Definition 2.1. Let (g,r) be a pair of nonnegative integers such that 2g —
2+7r>0; 0 <n < n positive integers; ¥ a set of prime numbers which
is either of cardinality one or equal to the set of all prime numbers; k an
algebraically closed field of characteristic ¢ ¥; X a hyperbolic curve of type

(g,7) over k. Write n” et n'; X, for the n-th configuration space of X;

def
I, = m(X,)>.
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We define a generalized projection morphism of length n’ [or, alter-
natively, a generalized projection morphism of co-length n"|

Xn — Xn//
to be a morphism that may be described as follows:

(a) Suppose that (g,7) € {(0,3),(1,1)}. Then it follows imme-
diately from the definition of X,, [cf. the discussion entitled
“Curves” in §0] that the projection morphism X, 1 — X,
to the first n factors of X, ;1 determines, in a natural way,
a(n) [smooth] (n + r)-pointed stable curve of genus g over X,,.
One verifies immediately that our assumption that (g,r) €
{(0,3),(1,1)} implies that the [smooth| r-pointed stable curve
of genus g determined by forgetting any subset of cardinality n
of the set of n + r marked points of the (n + r)-pointed stable
curve of genus g over X, determined by the projection mor-
phism X, 11 — X, is naturally isomorphic to the [smooth] r-
pointed stable curve of genus g determined by X. We shall refer
to the morphism

Xn — Xn//

obtained by forgetting some subset of cardinality n’ of the set of
n -+ r marked points of the (n+ r)-pointed stable curve of genus
g over X, determined by the projection morphism X, 1 — X,
discussed above as a generalized projection morphism of length

n'.

(b) Suppose that (g,r) ¢ {(0,3),(1,1)}. Then we shall refer to the
projection morphism X,, — X,» obtained by forgetting some
collection of n’ factors as a generalized projection morphism of
length n/'.

Note that, in the case where (g,7) ¢ {(0,3),(1,1)}, the notion of
a generalized projection morphism coincides with the notion of a
projection morphism as defined in [MT], Definition 2.1, (ii). By
contrast, in the case where (g,r) € {(0,3),(1,1)}, one verifies imme-
diately that there exist generalized projection morphisms that are
not projection morphisms in the sense of [MT], Definition 2.1, (ii).

We shall refer to
Ker(Hn - Hn”)

— where II,, — II,,» is the natural [outer] surjection induced by
a generalized projection morphism of length n’ — as a generalized
fiber subgroup of 11, of length n' [or, alternatively, as a generalized
fiber subgroup of 1L, of co-length n”"]. Note that, in the case where
(g,7) ¢ {(0,3),(1,1)}, the notion of a generalized fiber subgroup of
II,, coincides with the notion of a fiber subgroup of 11,, as defined in
[MT], Definition 2.3, (iii). By contrast, in the case where (g,7) €
{(0,3),(1,1)}, one verifies immediately that there exist generalized
fiber subgroups of II,, that are not fiber subgroups of 11, in the sense
of [MT], Definition 2.3, (iii).
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(iii) We shall refer to a fiber subgroup of II,, of co-length one in the sense
of [MT], Definition 2.3, (iii), as a co-surface subgroup of II,. We
shall refer to a closed normal subgroup H of II,, such that

I1,/H is a [pro-X| surface group which is not isomorphic
to a free pro-X group of rank two

as a quasi-co-surface subgroup of 11,.

(iv) We shall say that an automorphism « of II,, is gF-admissible if, for
every generalized fiber subgroup F' of I, it holds that «(F) = F.
We shall say that an outer automorphism of IL,, is gF-admissible if
it is arises from a gF-admissible automorphism. Write

Outs (11,,)

for the group of gF-admissible outer automorphisms of 1I,,.

Remark 2.1.1. In the notation of Definition 2.1, let

e {n+r if (g.r) € {(0,3), (1,1}
no i (o) ¢{(0,3), (1)

Then one verifies immediately that the natural action of the symmetric
group on n* letters
Sy

on the set of marked points with labels
ce{n+r—n"+lLn+r—n"+2,....,n+r}

[a set of cardinality n*| of the (n + r)-pointed stable curve X,41 — X,
[determined by the projection morphism to the first n factors of X, 11 — cf.
the discussion of Definition 2.1, (i); [MT], Remark 2.1.2] induces a natural
action of &,« on X, [i.e., the base space of this (n+r)-pointed stable curve].
Moreover, this action induces an action of &« on the set of generalized fiber
subgroups of II,, of co-length n”, which is easily verified to be transitive.

The content of the following Proposition is, in essence, well-known.

Proposition 2.2. (Abelianization of a configuration space group).
Let | be a prime number; n > 2 an integer; k an algebraically closed field of

characteristic # 1; X a hyperbolic curve of type (g,r) over k; X, the n-th

configuration space of X 11, dof m1(X,)W;

n
——
@ TP TI5P x - x II5P
n

——
the surjection induced by the natural open immersion X,, — X Xp -+ X X;
1L,,/1 the kernel of the natural [outer] surjection 11,, — Iy induced by the
first projection X,, — X. Then the following hold:
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(i) If g = 0, then the first projection X,, — X induces an exact se-
quence

1 Hab

e I12P II5P 1.

In particular, it follows that 112° is a finitely generated free 7;-
module of rank

n+r—2
rky, (I2°) = Z]an—1)+
Jj=r—1

n(n2—1) > n(r—1).

(ii) If g # 0, then ¢ is an isomorphism. In particular, it follows that
112> 4s o finitely generated free Z;-module of rank

n(2g+r—1), ifr>0
rz, (1) = {QQn ifr=0

(ili) g#0 if and only if ¢ is an isomorphism.
(iv) (g,r) = (1,1) if and only if vkz, (II2P) = 2n [cf. (i), (ii)].

Proof. First, we consider assertion (i). We begin by verifying the exactness of
the sequence of the first display in the statement of assertion (i). Write Hab/ !
for the quotient of II,, by the kernel of the natural surjection II,, ; — Hn e

Thus, we have a tautological exact sequence

1 I12b b/

b 1 — 1.

Next, recall from the well-known structure theory of surface groups that
II; is a free pro-l group. Thus, the exact sequence of the preceding display

admits a splitting s : 11; — Hﬁb/ !

. Now we claim that
Claim 2.2A: The natural conjugation action of II; on II2Y /1

is trivial.

Note that the ezactness of the sequence of the first display in the statement
of assertion (i) follows formally from Claim 2.2A, together with the existence
of the splitting s : I} — Hab/1

To verify Claim 2.2A, we reason as follows. Let K be an algebraic closure

of the function field K of X. Thus, the geometric fiber Z def X5 x x Spec(K)
of the first projection Xy — X is a hyperbolic curve of genus 0 over K. For
simplicity, we assume that K has been chosen so that II; may be regarded
as a quotient of the Galois group Gal(K/K). Now observe that the (n—1)-st
configuration space Z,,_1 of Z may be naturally identified with the geometric
fiber X, x x Spec(K) of the first projection X,, — X, and hence that 10, /1
may be regarded as the mazimal pro-l quotient of the étale fundamental
group of Z,—1. Since Z is of genus 0, it follows that Z,_; embeds as an
open subvariety of the fiber product over K of n — 1 copies of the projective
line ]P’lf over K. Since the étale fundamental group of such a fiber product
is well-known to be trivial, it follows immediately from the Zariski-Nagata
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purity theorem that 11,1 is topologically normally generated by the inertia
subgroups C 11,, /1 associated to the various log divisors [cf. the discussion
entitled “Curves” in §0] of Z,_1. Moreover, one verifies immediately that
each such log divisor Dz arises, by base-changing via the natural morphism
Spec(K) — X, from some log divisor Dy of X,, [where we regard X,, as an
object over X by means of the first projection X,, — X] that corresponds
to a discrete valuation v of the function field of X,, that induces the trivial
valuation of K.

Next, let us observe that it follows immediately from the well-known ge-
ometry of moduli stacks of pointed stable curves of genus 0 that K embeds as
a subfield of the residue field L of the discrete valuation ring O, determined
by v which is algebraically closed in L. [Indeed, the log divisor Dx may
be identified with a suitable fiber product over k of log configuration spaces
associated to smooth log curves of genus 0 over k. Moreover, the morphism
from Dx to the unique [up to isomorphism| compactification of X induced
by the first projection X,, — X is easily seen to coincide with the [manifestly
geometrically connected!] projection morphism that arises from one of the
projection morphisms associated to one of the log configuration spaces that
appears in such a fiber product over k.|

Thus, the image I; C HZ% of any inertia subgroup C 11I,,/; associated to
Dz may be thought of as the image C Hi‘;l of the maximal pro-l quotient
Gy (2 Zy) of the absolute Galois group of the quotient field of some strict
henselization of O,, whose residue field we denote by L. Here, we observe
that we may assume without loss of generality that L, K, and K are subfields
of L such that L N K = K [so Gal(K/K) may be regarded as a quotient
of Gal(L/L)]. Since the natural conjugation action of Gal(L/L) on G, is
the action via the cyclotomic character [hence factors through the quotients
Gal(L/L) — Gal(K/K) —» II;], it follows from the fact that k is algebraically
closed that this natural conjugation action is trivial, hence that the natural
conjugation action of I1; [which we regard as a quotient of Gal(L/L)!] on
I; C H‘;‘J}l is trivial. Since [cf. the above discussion] Hff/’l is topologically
generated by such subgroups I, C sz/’l, we thus conclude that the natural

ab

w1 [cf. Claim 2.2A] is trivial. This completes

conjugation action of 11; on II
the proof of Claim 2.2A.

The final portion of assertion (i) now follows formally, by induction on
n, from the ezxactness of the sequence of the first display in the statement
of assertion (i), together with the well-known structure theory of surface
groups. This completes the proof of assertion (i).

Next, we consider assertion (ii). First, let us prove that ¢ is an iso-
morphism in the case where n = 2. In this case, we shall denote by II,/;
(respectively, M) the kernel of the natural [outer| surjection IIs — II; in-
duced by the first projection Xy — X (respectively, the kernel of ). In
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particular, we have a commutative diagram as follows:

1 1
J ——M
3%, 1gP II3P 1
¥ ®
115 2 g b 1
1 1

— where the middle and lower horizontal sequences are the ezact sequences
induced by the first projection X x; X — X; v is the surjection, whose kernel
we denote by J, induced by ¢; « is the surjection induced by the morphism
H;]/Dl — H%b; [ is the injection induced by the morphism Hg?l — Hgb. To
verify that ¢ is an isomorphism, it suffices to show that M = {0}. First, let
us observe that the structure of J may be described explicitly by applying
the well-known structure theory of surface groups. If r = 0, then [since
J = {0}] it follows immediately that M = {0}. Thus, it suffices to show
that M = {0} under the assumption that » > 0. Suppose that M # {0}.
Then since J =2 Z;, it holds that M is a free A-module of rank one, where
either

A =17, o A = Z;/I"Z; for some m > 0.

Thus, we obtain a commutative diagram as follows:

1 Iy 1L, I 1

| | |

1 ——105) ©7, A——15" ©7, A — " ®7, A — 1

— where the vertical arrows are the natural surjections induced by 1 € A;
the horizontal sequences are induced by the first projection X x; X — X; the
upper horizontal sequence is exact by definition. Next, let us observe that it
follows immediately from the definition of A that a ® A is an isomorphism.
This observation, together with the split injectivity of 3 : TI5P — TI#P x 15,
implies that the lower horizontal sequence of the diagram of the preceding
display is exact. Thus, it follows immediately that the composite

p:1 — Aut(H%?l ®z, A)

of the outer representation II; — Out(Ily;;) with the natural morphism
Out(Ily/y) — Aut(H%?l ®gz, A) is trivial. On the other hand, we conclude

from the evident “®z, A wversion” of [CbTpl|, Lemma 1.3, (iv) — which
follows immediately [cf. the proof of [CbTpl], Lemma 1.3, (iv)] from the
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evident “®z, A version” of [CbTpl], Lemma 1.3, (iii), together with the well-
known structure theory of surface groups — that

Ker(p) coincides with the kernel of the natural surjection
[induced by 1 € A]

Iy > (P @y, A

— where we write IT{P" for the maximal pro-I quotient of the
étale fundamental group of the smooth compactification of
X.

In particular, we obtain that
(A% ) ()™ @z, 4 = {0},

Thus, since g # 0, we conclude that M = {0}, a contradiction. This com-
pletes the proof that ¢ is an isomorphism in the case where n = 2.

Next, we consider the case where n > 3. First, we make the follow-
ing observation, which follows immediately from the Zariski-Nagata purity
theorem:

Ker(yp) = {0} if and only if, for every pair of integers (i, )
such that 1 <1 < j < n, the image, via the natural surjection
I, — TI2P, of the inertia subgroup I[i,j] C II, determined,
up to II,,-conjugacy, by the diagonal divisor X,, correspond-

ing to the i-th and j-th factors is trivial.

Denote by II[i, j] the kernel of the natural [outer| surjection II,, — II,_o
determined by the projection f;; : X,, — X,,_2 obtained by forgetting the
factors labeled 4, j. In particular, we may identify Il[i, j| with the pro-
[ fundamental group of the second configuration space Zs of a hyperbolic
curve Z of type (g,7 +n — 2) over k. Here, we note that, relative to this
identification, we may identify the inertia subgroup of 1I[i, j] determined,
up to II,-conjugacy, by the diagonal divisor of Z xj Z with I[i,j]. Thus,
by applying the fact that ¢ is an isomorphism in the case where n = 2,
together with the above observation, we conclude that the image of I[i, j] C
II[i, j] via the natural surjection II[i,] — (II[i,])*P is trivial, hence that
the image of I[i,j] C II, via the natural surjection II, — II2P is trivial.
Therefore, again by the above observation, we obtain that Ker(yp) = {0}.
This completes the proof that ¢ is an isomorphism in the case of arbitrary n.
The final portion of assertion (ii) now follows formally from the fact that ¢
is an isomorphism, together with the well-known structure theory of surface
groups. This completes the proof of assertion (ii). Assertion (iii) follows
from assertions (i), (ii) by considering ranks.

Finally, we consider assertion (iv). Suppose that (g,7) = (1,1). Then
since rkz, (II3*) = 2, and, moreover, ¢ is an isomorphism [cf. assertion (iii)],
it follows that rkyz, (II12*) = 2n. Conversely, suppose that rkz, (II2P) = 2n.
Then since ¢ is surjective, it follows that

rkz, (T3P x -+ x II§P) < 2n.
Thus, since rkz, (I1#) > 2, we have:

rkz, (I8P x - x TI§°) = 2n, kg, (TI5°) = 2.
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In particular, the first (respectively, second) equality implies that the sur-
jection ¢ is, in fact, an isomorphism, hence that g # 0 [cf. assertion (iii)]
(respectively, that either (g,7) = (0,3) or (g,7) = (1,1) holds). There-
fore, we conclude that (g,r) = (1,1). This completes the proof of assertion
(iv). O

Proposition 2.3. (Properties of quasi-co-surface subgroups). Let
n > 2 be an integer; 3 a set of prime numbers which is either of cardinality
one or equal to the set of all prime numbers; X a hyperbolic curve of type

(g,7) over an algebraically closed field of characteristic ¢ ¥; X,, the n-th

configuration space of X; II, dof 71(X,)*. Then the following hold:

(i) Every quasi-co-surface subgroup of 11,, contains a co-surface sub-
group of I1,,.

(ii) It holds that (g,7) ¢ {(0,3),(1,1)} if and only if there exists a quasi-
co-surface subgroup of I1,,.

(iii) Suppose that (g,r) ¢ {(0,3),(1,1)}. Then a subgroup of Il is a
co-surface subgroup of 11, if and only if it is « minimal quasi-
co-surface subgroup of I1,,.

Proof. First, we consider assertion (i). Let H be a quasi-co-surface subgroup

of I1,,;

o: I, - G ¥ 1m,/H

the natural surjection. Then we consider the following claim:

Claim 2.8A: Any two fiber subgroups Ji,Jo C 11, of length
one [cf. [MT], Definition 2.3, (iii)] such that ¢(J1) # {1},
d(J2) # {1} necessarily coincide.

Indeed, suppose that there exist two distinct fiber subgroups Ji, Jo C 11, of
length one such that ¢(J1) # {1}, ¢(J2) # {1}. Then since ¢(J1) and ¢(J2)
are topologically finitely generated closed mormal subgroups of the surface
group G, it follows from [MT], Theorem 1.5, that ¢(J;) and ¢(J2) are open
in G. Next, let us observe that it follows immediately from [MT], Propo-
sition 2.4, (v), that there exists a closed normal subgroup N C G that is
topologically normally generated by a single element such that the images
of ¢(J1) and ¢(J2) in G/N commute. Thus, we conclude that G/N has an
abelian open subgroup, hence that G is nearly abelian [cf. [MT], Definition
6.1]. On the other hand, since G is a surface group, it follows from [MT],
Proposition 6.2, that G is a free pro-% group of rank two — in contradiction
to the definition of a quasi-co-surface subgroup [cf. Definition 2.1, (iii)]. This
completes the proof of Claim 2.3A. It follows formally from Claim 2.3A that
there exist n — 1 [distinct] fiber subgroups of II,, of length one whose images
via ¢ are trivial. Thus, the closed normal subgroup of II,, topologically gen-
erated by these n — 1 fiber subgroups is a co-surface subgroup of 11, that is
contained in H. This completes the proof of assertion (i).
Next, we consider the following claim:



24 YUICHIRO HOSHI, ARATA MINAMIDE, AND SHINICHI MOCHIZUKI

Claim 2.3B: Suppose that (g,7) ¢ {(0,3),(1,1)}. Then every
co-surface subgroup of 11, is a quasi-co-surface subgroup of
1L,.

Claim 2.3B follows immediately from the various definitions involved.
Next, we consider assertion (ii). The necessity portion of assertion (ii)
follows immediately from Claim 2.3B. Thus, it suffices to verify the suffi-
ciency portion of assertion (ii). Suppose that there exists a quasi-co-surface
subgroup H of II,. Then it follows from assertion (i) that there exists a
co-surface subgroup N C 11, such that N C H. Thus, we have a surjection

(I /N)™ — (IL,/H)™
of free Z=-modules. Since ks (I, /H )2 > 2, we thus conclude that
rkoy (IL,/N)™> > 2,

hence that (g,7) ¢ {(0,3), (1,1)}. This completes the proof of the sufficiency
portion of assertion (ii).

Finally, we consider assertion (iii). Let H be a co-surface subgroup of IL,.
First, we observe that H is a quasi-co-surface subgroup of 11, [cf. Claim
2.3B|. Next, let us verify the minimality of H. Let N C II,, be a quasi-co-
surface subgroup such that N C H. Then it follows from assertion (i) that
there exists a co-surface subgroup K of 11, such that K C N. Since both K
and H are co-surface subgroups of Il,,, we conclude that K = H [cf. [MT],
Proposition 2.4, (ii)], hence that N = H. This completes the proof of the
manimality of H. Conversely, let H be a minimal quasi-co-surface subgroup
of II,,. Then, by assertion (i), there exists a co-surface subgroup N C II,
such that N C H. Since N is quasi-co-surface subgroup of II,, [cf. Claim
2.3B], we conclude from the minimality of H that N = H. In particular,
H is a co-surface subgroup of 1I,. This completes the proof of assertion
(i) 0

Definition 2.4. Let n > 2 be an integer.

(i) Write
Lo3n) (respectively, L1 ,))
for the graded Lie algebra over Q; defined by the generators
Xi;, (1<i<ji<n+3)

(respectively, Xl(k), Yl(k) (1<k<n))
[all of which are of weight 1] and the relations described in [Nk],
Proposition 4.1.1, in the case where the “n” of loc. cit. is taken to
be n + 3 (respectively, described in [NTU], 2.8.2, in the case where
the “g” of loc. cit. is taken to be 1, the “n” of loc. cit. is taken to
be 1, and the “r” of loc. cit. is taken to be n).
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(ii) For integers 1 < a < b < ¢ < d < n+ 3 (respectively, 1 <e < f <
n+ 1), we denote by

a,b,c,d . .
W((0737n)) (respectively, W((l,&))

the Q-vector subspace of L(q 3 ) generated by the set
{Xij|1<i<ji<n+3 and {i,j} < {a,b,c,d} }
(respectively, the Q;-vector subspace of L(j 1 ,) generated by the set

{ka)7yl(k) |1<k<n+1 and k¢ {e f}}

— where X}n—i—l) déf —Z’Zzl ka‘) and }/1(71-"-1) déf _2221 Yl(k’)>
Write

Sosm < {W(((iﬁﬁ’)d) [1<a<b<e<d<n+3}

def

(respectively, S(1,1n) = {Wéf”fi)n) |1<e< f<n+1}).

Theorem 2.5. (Group-theoreticity of the dimension, genus, num-
ber of cusps, and generalized fiber subgroups). Let [ be a prime
number; ¥ a set of prime numbers which is either equal to {l} or Primes;
(g,7) a pair of nonnegative integers such that 2g—2+r > 0; X a hyperbolic
curve of type (g,r) over an algebraically closed field k of characteristic ¢ X;
n a positive integer; X, the n-th configuration space of X;

def
Hn é Fl(Xn)E.

Then:

(i) One may reconstruct n group-theoretically from I, as the maxi-
mum of the set

{s € N'| Ja closed subgroup of IL,, which is isomorphic to Z;*}
[cf. Theorem 1.6].

Moreover, if n > 2 [cf. ()], then the following hold:

(ii) One may determine whether or not it holds that

(9,7) ¢ {(0,3),(1,1)}
group-theoretically from 11, by considering whether or not there ex-
ists a quasi-co-surface subgroup of Il,, [cf. Proposition 2.3, (ii)].
Moreover, one may determine whether or not it holds that
(97 T) = (la 1)
group-theoretically from 11, by considering whether or not it holds
that
rkyz, (11Dy2b = 2y
[¢f. (1); Proposition 2.2, (iv)].
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Suppose that (g,7) ¢ {(0,3),(1,1)} [cf. (ii)]. Then the generalized
fiber subgroups of 1I,, of co-length one may be characterized
group-theoretically as the minimal quasi-co-surface subgroups
of I, [cf. Proposition 2.3, (iii)/.

Suppose that (g,r) € {(0,3),(1,1)} [cf. (ii)]. Write
Ligrm)

for the set of kernels of the natural surjections
(MP)™ 2z, @ — (1)) ©z, Q

arising from generalized projection morphisms X,, — X of co-length
one. Then one may reconstruct T(,, ) as the set of images of the
Qi-vector subspaces W C Ly [cf. Definition 2.4, (i)], for W €
S(grm) [cf. Definition 2.4, (ii)/, via the various surjections

Ligrny = GrIIP) 0z, @ —» (V)™ @z Q

— where Gr(Hg)) is the graded Lie algebra over Z; associated to the

lower central series of Hg); the “=7 is an isomorphism of graded
Lie algebras over Q; [where we recall that such isomorphisms exist
— cf. [NK|, Proposition 4.1.1; [NTU], 2.8.2/; the “—” is the natu-
ral surjection. In particular, one may reconstruct the generalized
fiber subgroups of 11,, of co-length one group-theoretically as the
topologically finitely generated closed normal subgroups H
of 11, satisfying the following conditions:

(iv-a) IL,/H is elastic [cf. [AbsTopl|, Definition 1.1, (ii)/.

iv-b) The Q;-vector subspace of Hg) ab @y, Q; generated by the image
1

(v)

(vi)

of H via the natural morphism IT,, — (H&”)ab ®z, Q; coincides
with some element of T(g .-

Let m < n be a positive integer, F' a generalized fiber subgroup of 11,
of co-length m. Then F may be naturally identified with

7Tl(Zn—m>E

— where Z,_, is the (n — m)-th configuration space of a hyper-
bolic curve Z of type (g, + m) over an algebraically closed field of
characteristic ¢ Y. Moreover, relative to this identification, the gen-
eralized fiber subgroups of I1,, of co-length m+ 1 which are contained
in F may be identified with the generalized fiber subgroups of
F = 71(Zy_m)* of co-length one [cf. Remark 2.1.1; [MT], Re-
mark 2.1.2; [MT], Proposition 2.2, (i); [MT], Proposition 2.4, (i),
(ii)]. In particular, by applying (iii), (iv) inductively, one may recon-
struct the generalized fiber subgroups of I1,, [of arbitrary length/
group-theoretically from IL,,.

One may reconstruct (g,r) group-theoretically from I, as follows:
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(vi-a) First, let us observe that, by applying (v), one may reconstruct
the quotients

(Hn —») Hg) —» Hgl) —» Hgl)

determined, respectively, by some generalized fiber subgroup of
co-length 2 and some generalized fiber subgroup of co-length 1
that contains the generalized fiber subgroup of co-length 2. Write

Hél/)l for the kernel of the surjection Hél) - Hgl)'

(vi-b) In particular, one may determine whether or not
r>0
by considering whether or not Hgl) [cf. (vi-a)] is free.
(vi-c) When r =0 [cf. (vi-b)/, one may reconstruct (g,r) as
g = otk ()™, v = 0.

(vi-d) When r > 0 [cf. (vi-b)/], note that, by considering the kernel of
the natural action

1) — Aut((11),)™)
induced by the surjection Hgl) —» Hgl) appearing in (vi-a), one
may reconstruct

1% Ker((mi))y™ — (1))
— where we write Iy for the étale fundamental group of the
smooth compactification X of X ; the surjection (H(ll))ab —» (ﬁﬁ”)ab

is the morphism induced by the natural immersion X < X [cf.
[CbTpl], Lemma 1.3, (iv)]. Thus, one may reconstruct (g,r) as

g = %.{rkzl(ﬂgl))ab_ rkz;lf}7 r = rkg I + 1.

Proof. Assertions (i), (ii), (iii), (v), and (vi) follow immediately from the
various results cited in the statements of these assertions, together with
the various definitions involved. Thus, it remains to verify assertion (iv).
First, we consider the reconstruction of generalized fiber subgroups of I,
of co-length one. It follows from Remark 2.1.1; [MT], Theorem 1.5; [MT],
Proposition 2.2, (ii); [MT], Proposition 2.4, (i), that every generalized fiber
subgroup of 1I,, of co-length one is a topologically finitely generated closed
normal subgroup of I1,, satisfying conditions (iv-a), (iv-b). Conversely, let H
be a topologically finitely generated closed normal subgroup of II,, satisfying
conditions (iv-a), (iv-b). Then it follows from condition (iv-b) that there
exists a generalized projection morphism px : X,, — X such that the image
of H via the composite

P ab l
m, = 1 % ()™ @z, Q
— where the first arrow is the natural [outer] surjection induced by px;
the second arrow is the natural morphism — is trivial. Now we claim that
pr(H) = {1}. Indeed, suppose that pr(H) # {1}. Then since pr(H) is a
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nontrivial topologically finitely generated closed normal subgroup of II;, it
follows from [MT], Theorem 1.5, that pri(H) is open in 1I;. But this implies
that p®? factors through the finite quotient II; — IIy/pr(H). Thus, we
conclude that Im(p®P) is finite — a contradiction. This completes the proof
of the claim. In light of the claim, it holds that H C Ker(prr). Now suppose
that Ker(pr)/H # {1}. Then since Ker(pr)/H is a nontrivial topologically
finitely generated closed normal subgroup of I1,,/ H, it follows from condition
(iv-a) that IT,, /Ker(pr) — Il is finite— a contradiction. Thus, we conclude
that H = Ker(py), hence that H is a generalized fiber subgroup of II,, of
co-length one, as desired.

Thus, to complete the verification of assertion (iv), it remains to consider
the reconstruction of the set Ty, ). We begin by recalling the explicit
constructions in the case where

e (g,7) =(0,3): cf. [Nk], (3.1.3); [Nk], Proposition 4.1.1;
e (g,r)=(1,1): cf. [NTU], 2.8.2; [NT], 2.4.1, 2.4.2, 3.2; [NT], Proof
of Theorem (3.1) by using (3.3-6), (4).
In particular, let us observe that it follows immediately in the case where
e (g,7) =(0,3), from the explicit description of the “A;;” in [Nk],
(3.1.3) [which correspond to the “X;;” in [Nk], Proposition 4.1.1],

J— NP o ; [44 (k:)” 14 (k) b
e (g,7) = (1,1), from the explicit description of the “X ™" X, at

the beginning of [NT], 3.2 [which correspond to the “XZ.(k)”, “Yi(k)”
of [NTUJ, 2.8.2] in terms of the “¢p” of [NT], 2.4.1, 2.4.2, together
with the discussion [NT], Proof of Theorem (3.1) by using (3.3-6),
(4),

that — relative to the isomorphism of graded Lie algebras over Q
gy  Ligrm) — Gr(11)) ®z, Q

implicit in these explicit descriptions — each subspace W' € S, ,) maps
into some subspace T' € T{y ). On the other hand, an elementary compu-
tation of the dimensions of W and T shows that this implies that W maps
isomorphically onto T'. Moreover, one computes immediately that S )
and T, , n) are of the same cardinality. We thus conclude that a(,, ) in-
duces a bijection Sy, ) 5 Tig.rn)-

Thus, to complete the proof of assertion (iv), it remains to verify the
following claim:

Claim 2.5A: Let
B ‘C(g,r,n) 5 GI‘(H%)) Rz, Q

be an isomorphism of graded Lie algebras over ;. Then the
set of images of the (j-vector subspaces W C L, ), for
W € S,rn), via the composite

B Ligrm = Gr(II) @z, @ - [IV)™® &z, Q

— where the first arrow is 3; the second arrow is the natural
surjection — coincides with T(g . ).
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Let us verify Claim 2.5A. In the following, we write &g for the symmetric
group on [ letters.

First, suppose that (g,7) = (0,3). In this case, recall that we have an
isomorphism

Aut(Gr(II) @z, Q) = Q) x Spys

[cf. [NT], Theorem D]. Moreover, the action of Q x &,,43 on Gr(Hg)) ®z,
Qq is described explicitly in the discussion preceding the statement of [Nk],
Lemma 4.1.2 [cf. also [Nk]|, Proof of Lemma 4.1.2]. It follows immediately
from this explicit description [cf. also the above discussion of that

Bo a(_ng ) € Aut(Gr(Hg)) ®z, Q) induces a permutation of the subspaces €

Tg,rn)- Thus, we conclude that the set of images of the Q;-vector subspaces

g,r,n)]

W C Ligrn, for W e S, via B coincides with Tig,rn), as desired.
Next, suppose that (g,7) = (1,1). In this case, recall that we have an
isomorphism

Aut(Gr(TIV) @7, Q1) = GSp(2,Q)) X Gy

— where we write GSp(2,Q) for the group of symplectic similitudes of
Q; x Qy, equipped with the standard symplectic form [cf. [NT], Theorem
D]. Moreover, it follows immediately from the explicit description of the
permutation “T € Sy41” in the discussion entitled “(3), (4):” in [NT], Proof
of Theorem (3.1) by using (3.3-6), that 3 o a(_g%'r,n) € Aut(Gr(Hg)) ®z, Q1)
induces a permutation of the subspaces € T(,, ). Thus, we conclude that
the set of images of the Qj-vector subspaces W C L, . .y, for W € Sy,
via B coincides with Tig,rn)> as desired. O

Corollary 2.6. (Structure of the group of outer automorphisms
of a configuration space group I). In the notation of Remark 2.1.1,
Theorem 2.5, suppose that n > 2 and (r,n) # (0,2). Then the following
hold:

(i) Every element of Out(Il,) induces a permutation on the set —
whose cardinality is n* — of generalized fiber subgroups of
IT,, of length one. Here, we recall from Theorem 2.5, (v), that
this set of generalized fiber subgroups may be reconstructed group-
theoretically from Il,,. Thus, by considering such permutations,
we obtain the following exact sequence of profinite groups:

1 —— Outt¥(II,) —— Out(Il,) (G 1.
Moreover, the injection
byt Spx — Out(Il,)

— induced by the natural action of Sy« on X,, [cf. Remark 2.1.1] —
determines a section of the above surjection Out(1l,) — Sp+ and
hence a natural isomorphism

Outt¥(I1,,) x &, = Out(IL,).
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In the following, we shall use vy to regard G« as a subgroup of
Out(Il,,). In particular, we have inclusions

S, C ZOut(Hn)(OutgF(Hn)) C Z°¢(Out(IL,)).

(ii) Suppose that (g,r) ¢ {(0,4),(1,1),(1,2),(2,0)}. Then
G = Zou(,) (O™ (L)) = Z"°*(Out(IL,))

— i.e., one may reconstruct the subgroup S,+ C Out(1l,) [cf. (i)/
group-theoretically from 11, as the local center Z'°(Out(Il,)) of
Out(IT,).

(iii) If n* > 3, then we have an equality
OUtgF(Hn) = ZOut(Hn)(6n*)-

Proof. First, we consider assertion (i). The fact that ¢,, determines a section
of the surjection Out(Il,) - &,,» follows immediately from the definitions.
Next, let us recall [cf. [CbTplII], Theorem 2.3, (iv)] that [since it follows
immediately from the definitions that Outs" (IT,,) € Out® (IT,,)]

tin(Gn) C ZOut(Hn)(OUtF(Hn)) - ZOut(Hn)(OUtgF(Hn))-

Thus, since n > 2, by conjugating the composite inclusion of the preceding
display by arbitrary elements of &,«, we conclude that

t(Gn+) € Zowm,) (Outs™ (I1,)).

Now the fact that ¢,, determines a natural isomorphism OutgF(Hn) X G
Out(IL,) follows formally.

Next, we consider assertion (ii). In light of the inclusions of the final
display of the statement of assertion (i), to verify assertion (ii), it suffices to
verify the following claim:

Claim 2.6A: Suppose that (g,7) ¢ {(0,4), (1,1),(1,2),(2,0)}.
Then we have

Z°¢(0ut(IL,)) C G,
First, we assume that (g,7) = (0,3). Let L be a number field,

PP G — Out(IL,)
the natural pro-X outer Galois representation associated to the n-th config-
uration space 1, of T def P\ {0,1,00}; 0 € Z'°¢(Out(Il,)). Thus, there
exists an open subgroup H of Out(Il,) such that o € Zoyr,)(H). In
particular, by replacing L by a suitable finite field extension of L, we may
assume that Im(ptLpd) C H. Then it follows from [Nk|, Theorem A; [IN],

Theorem C [or, alternatively, from assertion (i); [CbTpll], Theorem A, (i);
[LocAn|, Theorem A], that

0 € Zowm,) M) = Su x Zoyerq,)(Im(pf?) = Spe.

This completes the proof of Claim 2.6A in the case where (g,7) = (0, 3).



NUMERICAL INVARIANTS AND DISTINGUISHED SUBGROUPS 31

Thus, in the remainder of the proof of Claim 2.6A, we may assume that

(g7 T.) ¢ {(07 3)7 (0’ 4)7 (17 1)’ (17 2)7 (27 O)}'
Thus, n = n*, Outd¥(I1,) = Out¥(II,). Let o € Z'°°(Out(Il,)). Thus,
there exists an open subgroup H of Out®(II,,) such that o € Zou(r,) (H)-
Moreover, by assertion (i), we may assume without loss of generality that
o € Outf'(I1,,). Now we claim that

Claim 2.6B: It holds that
o e Out?e(1,)

— where we write Out?C(I1,,) for the group of FC-admissible
outer automorphisms of II,, [cf. [CmbCusp|, Definition 1.1,
(i)
Indeed, since, by assertion (i), H is open in Out(Il,), our assumption that
0 € Zouy(,)(H) implies that Claim 2.6B follows from [CmbGC], Proposi-
tion 2.4, (v); [CmbGC], Corollary 2.7, (i).
Next, let us write

Pgrmn H(ngr)k — OutFC(Hn)
for the outer representation induced by the [1-]morphism

(Mgrin)e = Mgk

obtained by forgetting the last n marked points. Then since, by assertion
(i), H is open in Out(Il,), there exists an open subgroup N of Il ), such
that o € Zgro ) (Pgrn(NV)). Write

¢n : OutFC(I1,) — Outfe(II))

for the homomorphism induced by the first projection X,, — X. Then
it follows from [CbTpl], Theorem D, (i), together with our assumption on
(g,7), that

6n(0) € Zowreqn,(Sn(pgrn(N))) = {1}.

Thus, since ¢y, is injective [cf. [NodNon], Theorem B], we conclude that
o = 1. This completes the proof of assertion (ii).

Assertion (iii) follows immediately from assertion (i) and the well-known
fact that, since n* > 3, &, is center-free. O

Definition 2.7. In the notation of Corollary 2.6, suppose that (g,r) =
(0,3). Write
OutfS(11,,) € Out(II,)

for the group of FC-admissible outer automorphisms of II,, [cf. [CmbCusp],
Definition 1.1, (ii)] that commute with the image of ¢, : &,43 < Out(IL,)
[cf. [CmbCusp], Definition 1.1, (vi)]. Then [by a slight abuse of the nota-
tional conventions established in the discussion entitled “Topological Groups’
in §0 concerning the superscript “¥”] we shall write

)

GT® ¥ OutFos(1n,)
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and refer to GT* as the pro-X Grothendieck- Teichmiiller group [even though
it is, in fact, not necessarily a pro-X group!]. Note that if 3 = PBrimes, then
GT* may be identified with the Grothendieck-Teichmiiller group as defined
in more classical works [cf. [CmbCusp|, Definition 1.11, (i); [CmbCusp],
Remark 1.11.1; [CmbCusp]|, Corollary 1.12, (ii); [CmbCusp]|, Corollary 4.2,
(i); [CmbCusp], Remark 4.2.1].

Corollary 2.8. (Simplified group-theoretic approach to the pro-
3 Grothendieck-Teichmiiller group). In the notation of Corollary 2.6,
suppose that (g,7) = (0,3). Then the following hold:

(i) The natural homomorphism Out¥(II,) — Out'(Ily) — where we
write Outt ((=)) for the group of F-admissible outer automorphisms
of (=) [¢f. [CmbCusp]|, Definition 1.1, (ii)] — induced by the pro-
jection morphism X, — Xg to the first two factors of X,, induces a
natural isomorphism

~

Ooutt¥(I1,,) & GT*.
In particular, we have a natural isomorphism
GT* x G135 = Out(Il,)
— where we recall that
Suts = Zouw,) (Out® (IL,)) = Z'°°(Out(Il,))
[cf. Remark 2.1.1; Corollary 2.6, (i), (ii)/.

(ii) We have a natural isomorphism

Zou(t,) (21 (Out(I1,))) = GT>.

Proof. First, we consider assertion (i). Let us observe that we have
OUtFCS(Hn) = OutFC(Hn) N ZOut(Hn)(Gn—f—fi)
Out™(II,) N Out®(I,)
Outs (I1,,)

— where we write Out¥C(I1,,) for the group of FC-admissible outer automor-
phisms of IT,, [cf. [CmbCusp], Definition 1.1, (ii)]; the second equality follows
by applying Corollary 2.6, (iii), and [CbTpII], Theorem A, (ii). Thus, asser-
tion (i) follows immediately from [CmbCusp|, Corollary 4.2, (ii). Assertion
(ii) follows from assertion (i) and Corollary 2.6, (ii), (iii). O

Corollary 2.9. (Structure of the group of outer automorphisms
of a configuration space group II). Write (Cy )7 — 7 for the result
of base-changing the tautological curve Cy ;) = M, (] [cf. the discussion
entitled “Curves” in §0] via some dominant morphism 7 — M, 1, where
n s the spectrum of an algebraically closed field ). Then, in the notation of
Corollary 2.6, we have inclusions

Gpe C Z°(0ut(IL,)) C Gpe x Gy,
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— where we write G4, C Out(Il,) for the subgroup determined by the nat-
ural action of the group Autz((Cy(y)7) of automorphisms of (Cy ()7 over 7
on the n-th configuration space of (Cy )7 over 7). Here, we recall that

zppzxzi2zoif (g,r) = (0,4)
(1,1

:( ;
g;r — Z/QZ if (g,T) € { ), (172)’ (2’0)}‘

Proof. The first inclusion follows from Corollary 2.6, (i). Thus, it remains to
verify the second inclusion. Let o € Z'°°(Out(I1,)). Note that, by replacing
o by the product of o with an element of &,,», we may assume, without loss
of generality, that o € Out8" (II,,) [cf. Corollary 2.6, (i)]. Thus, it follows
from [CmbGC], Proposition 2.4, (v); [CmbGC], Corollary 2.7, (i), that

o € Outte(11,)

— where we write Out¥C(I1,,) for the group of FC-admissible outer automor-
phisms of II,, [cf. [CmbCusp]|, Definition 1.1, (ii)]. Next, let us recall from
[NodNon], Theorem B, that the natural morphism Out¥®(IT,,) — Out¥“(1I;)
is injective. Thus, it follows from [LocAn], Theorem A, applied to a suit-
able sub-p-adic subfield of 2, that o € G,,. This completes the proof of
Corollary 2.9. O

Corollary 2.10. (Structure of the group of outer automorphisms
of a configuration space group III). In the notation of Corollary 2.6,
the following hold:

(i) Suppose that (g,r) € {(0,4),(1,2)} and ¥ = {l}. Then one may
reconstruct the subgroup &9 C Out(Ily) [cf. Corollary 2.6, (i)] group-
theoretically from Ily as follows:

(i-a) First, we note that, by applying Theorem 2.5, (v), one may
reconstruct the two quotients

p1,p2 1y — 1L

determined by the two fiber subgroups of co-length one. Here, we
note that in fact, Theorem 2.5, (v), only yields a reconstruction
of the kernels of these quotients, i.e., not an “identification iso-
morphism” [cf. the use of the same notation for the codomains
of p1, p2/ between the codomains of p1, pe; on the other hand,
one verifies easily that this abuse of notation [which was made
for the sake of keeping the notation simple] does not have any
substantive effect on the argument to follow.

(i-b) In light of the reconstruction of the quotients py,ps : Iy —
IT; in (i-a), one may apply [the group-theoretic reconstruction
algorithms implicit in the proof of] [CbTpl|, Lemma 1.6, to
reconstruct the set of conjugacy classes of cuspidal inertia
subgroups of I1;.
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(i-c)

Write Z for the smooth compactification of X ; Z'°% for the log
scheme whose underlying scheme is Z, and whose log structure
1s determined by the cusps of X; Z;Og for the second log con-

figuration space of Z'°8; Zéog — Z'°8 for the natural projection
corresponding to p1. Recall that, for every cusp c € Z(k), the

log structure on Z;Og determines on the fiber (Z2). of the mor-

phism Zéog — Z'°% over ¢ a structure of pointed stable curve,
which consists of

e precisely one irreducible component of genus 0 with pre-
cisely 2 cusps [called the “minor cuspidal component”] E,
and

e precisely one irreducible component of genus g with pre-
cisely r—1 cusps [called the “major cuspidal component”]
Fe

[ef. [CmbCusp], Definition 1.4, (i)]. Write Iy e Ker(py).
Thus, 11,1 may be identified with the PSC-fundamental group
of the semi-graph of anabelioids of pro-3 PSC-type determined
by the pointed stable curve (Za). [cf. [CmbGC], Definition 1.1,
(i), (i)/.
In the notation of (i-c), the verticial subgroups

Hg, C Ily  (respectively, 1lp, C Tly);)

associated to E. (respectively, Fi.) [cf. [CmbCusp|, Definition
1.4, (ii)] may be characterized as follows: Let I. C II; be a
cuspidal inertia subgroup associated to ¢ [cf. (i-b)]. Write

Pec - IC — Out(HQ/l)

for the composite of the inclusion I. — 111 with the outer rep-
out

resentation 11y — Out(Ily/1) induced by p1; 11, def My x I
[cf. the discussion entitled “Topological groups” in [CbTpl], §0].
Thus, we have a natural exact sequence of profinite groups

1 Ty 1, I 1.

We shall say that a closed subgroup H C llp/1 is a section-
centralizer if it may be written in the form Zy, (s(I)) for some
section s : I. — Il of the natural surjection 117, — I.. Then
the werticial subgroups Ilg, C Ily/1 (respectively, 11, C 1ly/;)
may be characterized as the maximal section-centralizers
whose rank — as a free pro-¥ group — is two (respectively,

three) [cf. [CbTpll], Corollary 1.7, (ii)].

One may reconstruct the image J. of I. C Il in H?b as the
image of Ilg, C Iy [cf. (i-c), (i-d)/ via the surjection

p2lm,

My,  — I — IEP

— where the second arrow is the natural surjection. In partic-
ular, one may reconstruct the 7> -submodule

J.x J, C TP x I12P,
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(i-f)

One may reconstruct the unique nontrivial element of the sub-
group Sy C Out(Ily) as the unique nontrivial element o €
Z°¢(Out(Tlz)) — whose image in Aut(II5P x II5P) [cf. Theorem
2.5, (v)] we denote by @ — such that, for each cusp c € Z(k),
i.e., for each cuspidal inertia subgroup I. C 11y [cf. (i-b)],

a(Jex Jo) = Jo X Je

(ii) Suppose that (g,7) = (1,1) and X = {l}. Then one may reconstruct
the subgroup Go C &3 C Out(Ilp) [cf. Corollary 2.6, (i)] — i.e.,
which is well-defined up to conjugation in &3 — group-theoretically
from 1ls as follows:

(ii-a)

(ii-b)

First, we note that, by applying Theorem 2.5, (v), one may
reconstruct the three quotients

p1,p2,p3 s — Il

determined by the three generalized fiber subgroups of co-length
one. Here, we note that in fact, Theorem 2.5, (v), only yields
a reconstruction of the kernels of these quotients, i.e., not an
“identification isomorphism” [cf. the use of the same notation
for the codomains of p1, p2, ps] between the codomains of pi,
P2, p3; on the other hand, one verifies easily that this abuse of
notation [which was made for the sake of keeping the notation

simple] does not have any substantive effect on the argument to
follow. Write

D1 P2, Py 115° — 11§
for the natural surjections induced by p1, pa, ps3, respectively.
Observe that ps factors as the composite of the isomorphism
(P1,p2) - 113> 5 T§P < 115
[¢f. Proposition 2.2, (ii)] with some surjection
p— 1P x I — 1I5P.
whose kernel coincides with the diagonal
§ C P x ITEb.

In particular, one may reconstruct 6 as Ker(p_) and hence the
natural identification between the copy of H?b that appears
as the codomain of Py and the copy of H?b that appears as the
codomain of Py as the composite isomorphism

P &5 5 I
— where the first (respectively, second) arrow denotes the arrow
induced by Dy (respectively, Dy ).
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(ii-c) One may reconstruct the unique nontrivial element of the sub-
group G9 C Out(lly) [which is well-defined up to conjugation
in ©s, i.e., which corresponds to permutation of the projec-
tions p1, p2, p3] as the unique element a € Z°¢(Out(Ily)) —
whose image in Aut(TI3P) = Aut(I12P x T13) we denote by @ —
such that, for any (x,y) € T3> x TI%P,

a((z,y)) = (y,).

(iii) Suppose that (g,r) = (2,0) [which implies that n > 3] and ¥ = {l}.
Note that one may reconstruct the quotients

Hn—»H3—»H2

determined by fiber subgroups of 1L, of co-length three and two, re-
spectively [cf. Theorem 2.5, (v)]. In the remainder of the present
item (iii), we fix such quotients and write Fy C g for the kernel
of the surjection 113 — Ils. Then one may reconstruct the subgroup
So C Out(Ily) [ef. Corollary 2.6, (i)] group-theoretically from 113 as
follows:

(ili-a) Let Fy # Fy be a fiber subgroup of I3 of co-length two; Fio
the unique fiber subgroup of Il3 of co-length one that contains
Fy and F» [cf. Theorem 2.5, (v)]. Here, let us recall that 113
may be identified with the maximal pro-l quotient of the étale
fundamental group of the third configuration space X3 of X.
Moreover, relative to this identification, Fio/Fy, Fi2/Fs may be
naturally identified with the maximal pro-l quotient of the étale
fundamental group of a hyperbolic curve X* of type (2,1) over
k [i.e., a geometric fiber of a projection morphism Xo — X|J;
Fio may be naturally identified with the maximal pro-l quotient
of the étale fundamental group of the second configuration space
X5 of X*. In particular, relative to these identifications, one
may reconstruct the quotients

qi,q2 - 115 o m(X3)" - I o m (X%

corresponding to the quotients Fio — Fio/Fy, Fio9 — Fia/Fy,
respectively [i.e., corresponding to the two projection morphisms
X3 — X*]. Here, we note that in fact, Theorem 2.5, (v), only
yields a reconstruction of the kernels of these quotients, i.e.,
not an “identification isomorphism” [cf. the use of the same
notation for the codomains of q1, q2] between the codomains of
q1, q2; on the other hand, one verifies easily that this abuse of
notation [which was made for the sake of keeping the notation
simple] does not have any substantive effect on the argument to

follow.
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(iii-b)

(iii-c)

(iii-d)

(iii-e)

In light of the reconstruction of the quotients qi,qo : 1I5 — 1I7
in (iii-a), one may apply [the group-theoretic reconstruction al-
gorithms implicit in the proof of | [CbTpl], Lemma 1.6, to recon-
struct the conjugacy class of cuspidal inertia subgroups
of 117 associated to the unique cusp of X*.

One may reconstruct the conjugacy class of decomposition
groups of lls associated to the diagonal divisor C X x; X as
the set of normalizers in Ily of the cuspidal inertia subgroups
of II7 [= Fio/Fy C 113/ F) = 1Iy] associated to the unique cusp
of X* [cf. (iii-b)].

Write Fi3 for the unique fiber subgroup of lls of co-length one
that contains Fy but is # Fia [cf. Theorem 2.5, (v)];

p2,ps o =1I3/F1 — 1L

for the quotients determined by the quotients 113/ Fy — 13/ Fy3,
I3/ Fy — 13/ F12, respectively;

D2, D3 - Hgb - H?b

for the natural surjections induced by ps, ps, respectively. Here,
we note that in fact, Theorem 2.5, (v), only yields a recon-
struction of the kernels of these quotients, i.e., not an “iden-
tification isomorphism” [cf. the use of the same notation for
the codomains of pa, ps/ between the codomains of pa, ps; on
the other hand, one verifies easily that this abuse of notation
[which was made for the sake of keeping the notation simple]
does not have any substantive effect on the argument to follow.
Then one may reconstruct the diagonal

§ C IIP x I8P

as the image of any decomposition group associated to the diag-
onal divisor of X x X [cf. (iii-c)/ via the surjection

(P2:P3)

M — " 57 I x I3

— where the first arrow is the natural surjection. In particular,
one may reconstruct the natural identification between the
copy of H‘fb that appears as the codomain of P, and the copy
of H?b that appears as the codomain of D3 as the composite
1somorphism

e & 5 5 b
— where the first (respectively, second) arrow denotes the arrow
induced by Dy (respectively, Ps).

One may reconstruct the unique nontrivial element of the sub-
group Gy C Out(Ily) as the unique element o € Z'°¢(Out(Ily))
— whose image in Aut(TI3P x TI5P) [cf. Theorem 2.5, (v)] we
denote by @ — such that, for any (z,y) € 13> x TI5P,

a((z,y)) = (y, o).
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(iv) Suppose that (g,7r) € {(0,4),(1,1),(1,2),(2,0)}. Then one may re-
construct the subgroup S, C Out(ll,) as the subgroup generated
by the elements o € Z'°¢(Out(I1,,)) for which there exists a general-

ized fiber subgroup F of i of co-length two [cf. Theorem 2.5, (v)]
satisfying the following conditions:

e The outer automorphism of Hg) induced by o preserves F' and

induces the identity permutation on the set of generalized

fiber subgroups of Hg) contained in F' [cf. Theorem 2.5, (v)].

e The outer automorphism of Hg) induced by o via the surjection

) - Hg) determined by F is contained in Gy C Out(Hg))
[cf. the descriptions of (i-f), (ii-c), (iii-e)/.

Proof. Assertion (i) (respectively, (ii); (iii)) follows immediately — with the
exception of (i-f) (respectively, (ii-c), (ili-e)) — from the various results cited
in the statement of assertion (i) (respectively, (ii); (iii)), together with the
various definitions involved. On the other hand, assertion (iv), as well as (i-
f), (ii-c), (iii-e), follow immediately, by considering the various transpositions
in &+, from Corollary 2.9. U

3. GROUP-THEORETIC RECONSTRUCTION OF LOG-FULL SUBGROUPS

Let [ be a prime number; n a positive integer; 3 a set of prime numbers
which is either equal to {I} or Primes; (g,7) a pair of nonnegative integers
such that 2g — 2 4+ r > 0; k a field of characteristic ¢ X; k an algebraic

closure of k; S def Spec(k); S'°¢ an fs log scheme whose underlying scheme
is S; X% a stable log curve of type (g,r) over S'°8; X% the n-th log con-
figuration space of X°%; A, the maximal pro-> quotient of the kernel of
the natural [outer] surjection 71 (X)8) — m1(S'°8). In this section, we in-
troduce the notion of a pro-¥ log-full subgroup of A,, [cf. Definition 3.4]
and show that, when ¥ = {l}, and, moreover, X log and k satisfy certain
conditions concerning “weights’, the pro-3 log-full subgroups may be re-
constructed group-theoretically from the natural outer action of 7 (S°8) on
A, [cf. Theorem 3.8]. We also introduce [cf. Definition 3.10] and study
[cf. Corollary 3.12] the notion of a log-full subgroup of smooth type and
prove that, in the case where (g,7) = (1,1), log-full subgroups of smooth
type [cf. Definition 3.10] may be distinguished from log-full subgroups of
singular type [cf. Definition 3.10] by means of a very simple group-theoretic
criterion [cf. Proposition 3.14], which makes essential use of the assumption

(g,7) = (1, 1).

Definition 3.1. In the notation introduced above:

(i) Write G for the semi-graph of anabelioids of pro-¥. PSC-type [cf.
[CmbGC], Definition 1.1, (i)] determined by the stable log curve
Xlog  Glog  [Thus, A may be identified with the PSC-fundamental
group [cf. [CmbGC], Definition 1.1, (ii)] IIg of G.] Write Out¥(—)
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for the group of FC-admissible outer automorphisms of (—) [cf.
[CmbCusp|, Definition 1.1, (ii)],

x1: Out™(Ay) — 7

for the pro-l cyclotomic character associated to “G._.Node(g)” [cf- [CDTpI],
Definitions 2.8 and 3.8], and

. FC
Xn : Out™(A,) — Z)

for the composite with x1 of the natural homomorphism OutFC(An)
— Out™(A}) [ef. [CmbCusp], Proposition 1.2, (iii); [CbTpI], Corol-
lary 1.9, (i)] induced by any projection morphism Xloe _, Xiog of
co-length one.

(ii) Let V be a finite dimensional Q;-vector space, « a Q;-linear auto-
morphism of V, § € Q;°. Then we shall say that a is 3-transverse if,
for every positive integer N and every eigenvalue A € Q° of ol it
holds that A # V. [Thus, if a is B-transverse, and M is a positive
integer, then aM is ﬁM—tmnsverse.]

(iii)) We shall say that a field K is l-cyclotomically full if the image of
the l-adic cyclotomic character xyx : Gx — ZIX associated to K is
infinite. We shall say that a field K is strongly [-cyclotomically full
if there exists a normal noetherian domain A such that, if we write
Kprm € K for the algebraic closure in K of the prime field of K, then
K prm is a subfield of the field of fractions L of A, and, moreover, the
subset

{p € Spec(A) | ch(k(p)) > 0, and k(p) is l-cyclotomically full}

— where we write k(p) for the residue field of p — of Spec(A) is
Zariski dense in Spec(A).

Remark 3.1.1. Observe that it follows formally from Definition 3.1, (iii),
that any subfield of a strongly [-cyclotomically full field is itself strongly
l-cyclotomically full.

Remark 3.1.2. In the notation of Definition 3.1, (iii), let K’ be a finitely
generated field extension of K. Then since Ky, C K is a regular extension
[cf. [Bbk], Chapter V, §17, Proposition 9], we conclude that the natural
outer homomorphism G — G, is surjective, and that Ky C K, is
a finite extension.

Proposition 3.2. (Computation of characters). Set
2n(g+r—1), if g>0andr >0,
2ng, if g>0andr=0,
2n(r—1)4+n(n—1), if g=0.

def
m =

Write
8, 1 Outte(A,) — Z)
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for the square of the character obtained by forming the composite of the natu-
ral morphism Out¥(A,,) — Aut(A2P) with the determinant homomorphism
Aut(A2P) — Z. Then &, coincides with the m-th power of x,.

Proof. This follows immediately from Proposition 2.2, (i), (ii); [CmbGC],
Proposition 1.3. O

Proposition 3.3. (Basic properties of [strongly] l-cyclotomically
full fields). Let K be a field, K’ a finitely generated field extension of
K. Then the following hold:

(i) If K is l-cyclotomically full, then ch(K) # 1.

(ii) If K is strongly l-cyclotomically full, then K isl-cyclotomically
full.

(iii) Suppose that ch(K) > 0. Then K is l-cyclotomically full if and
only if K is strongly l-cyclotomically full.

(iv) K is l-cyclotomically full if and only if K’ is.

(v) K is strongly l-cyclotomically full if and only if K' is.

(vi) Suppose that K is strongly l-cyclotomically full. Write T def
P\ {0,1,00}. LetY be a hyperbolic curve over K that admits a
finite étale Galois coveringY — T of degree d, where d is invertible
in K. Write Z for the [K-Jsmooth compactification of Y,

p: Gr — Autg, (Hy(Z xx K, Qp))

for the Galois representation on the first l-adic étale cohomology
module of Z. Then there exists an element g € G such that p(g)
is xk (g)-transverse.

(vil) Suppose that K is a mized characteristic, nonarchimedean local field,
i.e., a finite extension of the field Q, of p-adic numbers. Then K is
l-cyclotomically full, but not strongly l-cyclotomically full.

(viii) Suppose that K is either the field Q of rational numbers or a fi-
nite field of characteristic # . Then every finitely generated field
extension of K is strongly l-cyclotomically full.

Proof. Assertion (i) follows immediately from the well-known fact that if
ch(K) = [, then the cyclotomic character xx : Gx — Z,° is trivial. Next, we
consider assertion (ii). Suppose that K is strongly l-cyclotomically full. We
apply the notation of Definition 3.1, (iii). Then let us observe that to verify
that K is [-cyclotomically full, it suffices to show that L is [-cyclotomically
full [cf. Remark 3.1.2]. Also, we observe that we may assume without loss
of generality [cf. assertion (i)] that [ is invertible in A. Since A is normal,
this assumption implies that the l-adic cyclotomic character xr, : G — Z]°
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associated to L may be thought of as the restriction via the natural [outer]
surjection G, — w1 (Spec(A)) induced by the injection A < L of the l-adic
cyclotomic character x4 : 71 (Spec(A)) — Z; associated to A. On the other
hand, since [cf. Definition 3.1, (iii)] there exists a prime ideal p € Spec(A)
such that k(p) is I-cyclotomically full, we thus conclude that the image of
X4, hence also of xp, is infinite. This completes the proof of assertion (ii).
Assertion (iii) follows immediately from assertion (ii) and Definition 3.1,
(iii). Since the natural outer homomorphism G — G is [well-known to
be| open, assertion (iv) follows immediately from Definition 3.1, (iii).

Assertion (v) in the case where ch(K) > 0 follows immediately from
assertions (iii) and (iv). Next, we consider assertion (v) in the case where
ch(K) = 0, and K is strongly l-cyclotomically full [cf. Remark 3.1.1]. We
apply the notation of Definition 3.1, (iii). Let L’ be one of the residue fields
of the artinian ring L ®k,,,, Kpm [cf. Remark 3.1.2]. Then observe that
since ch(K) = ch(L) = 0, L' is a finite separable field extension of L. But,
since A is noetherian, this implies that the normalization A’ of A in L’ is
a finite A-module. Thus, assertion (v) in the case where ch(K) = 0 follows
immediately from Definition 3.1, (iii), together with assertion (iv). This
completes the proof of assertion (v).

Next, we consider assertion (vi). We apply the notation of Definition 3.1,
(iii). Then, since d is invertible in K, it follows from well-known elementary
arguments in algebraic geometry [cf., e.g., the proof of [CanLift], Proposition
2.3, (ii)] that, after possibly replacing K by a finite extension of K [cf.
assertion (v)], one may descend the diagram Z DY — T of smooth curves
over K to a diagram Zpm, 2 Yprm — Tprm of smooth curves over K.
In particular, by Remark 3.1.2, we may assume without loss of generality
that K = Kprm. Moreover, one may base-change the diagram Z O Y — T
of smooth curves over K = K,y to a diagram Zj, O Y, — T, of smooth
curves over L. Next, we observe that, by possibly replacing A by A[%] for
a suitable nonzero f € A, we may assume without loss of generality that
this diagram Z; O Yy, — 17, of smooth curves over L arises from a diagram
Zx O Ya — Ty of smooth curves over A, and that d is invertible in A.
Thus, by restricting to a point p € Spec(A) as in the display of Definition
3.1, (iii), we obtain a diagram Z, O Y, — T}, of smooth curves over k(p).
In particular, by replacing K by a finite extension of k(p)prm, we conclude
that we may assume without loss of generality [cf. [SGA1], EXPOSE X,
Corollaire 3.9] that K is an l-cyclotomically full algebraic extension of a
finite field Ko. Moreover, it follows immediately from well-known properties
of absolute Galois groups of finite fields that we may assume without loss
of generality, after possibly replacing K and Ky by finite extensions [cf.
assertion (iv)] of K and Ky, respectively, that the natural [outer| injection
Gk — Gk, induces an isomorphism on maximal pro-l quotients, and that p
factors through the maximal pro-l quotient of Gk . But then assertion (vi)
follows immediately from the “Riemann hypothesis” for abelian varieties
over finite fields [cf., e.g., [Mumf], p. 206]. This completes the proof of
assertion (vi).

Next, we consider assertion (vii). When [ # p, the fact that K is [-
cyclotomically full follows immediately from the fact that the residue field
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of K is finite [together with well-known facts concerning the structure of
finite fields]. When [ = p, the fact that K is [-cyclotomically full follows
immediately from well-known facts concerning ramification in cyclotomic
extensions of Q, [cf. also assertion (iv)]. Next, assume that K is strongly
l-cyclotomically full. Observe that, by assertion (v), from the point of view
of deriving a contradiction to this assumption, we may always replace K by
a finite extension of K. Let E be a Tate curve over K [i.e., a smooth, proper
curve of genus 1 over K that has stable, multiplicative reduction over the ring
of integers of K] that is defined over a number field. Thus, by applying the
theory of Belyi maps [cf. [Belyi]], we conclude that there exists a dense open
subscheme U C E that admits a finite étale morphism U — T', where T' is as
in assertion (vi). Note, moreover, that, by possibly replacing K by a finite
extension of K, we may assume without loss of generality that there exists
a finite étale covering Y — U of hyperbolic curves over K such that the
composite finite étale morphism Y — U — T is Galois. On the other hand,
the well-known appearance of the cyclotomic character in the Galois action
on the Tate module of a Tate curve [cf. [Serre], IV, §A.1.2] implies that this
finite étale Galois covering Y — T yields a contradiction to the conclusion
of assertion (vi). This completes the proof of assertion (vii). Finally, since
finite fields of characteristic # [ are clearly I-cyclotomically full, assertion
(viii) follows immediately from assertions (iii), (v) [cf. also Definition 3.1,
(iii); Remark 3.1.2]. O

Definition 3.4. Let z,, € X,, X} k be a log-full closed point [cf. Definition
1.1]. Then we shall refer to any A,-conjugate of the image of the natural
inclusion A, < A, of Proposition 1.2, (iv), as a [pro-X] log-full subgroup
of A,, associated to z,. We shall refer to an open subgroup of a log-full
subgroup of A,, associated to z, as a [pro-X] quasi-log-full subgroup of A,
associated to x,,.

Proposition 3.5. (Projections of log-full subgroups). Let n” be
a positive integer such that n” < n, A a log-full subgroup of A,. Write
p: Ay, — Ay for the natural [outer] surjection induced by the projection
morphism X, — Xi?,g obtained by forgetting n — n” of the n factors of
X8 Then p(A) is a log-full subgroup of A

Proof. Proposition 3.5 follows immediately from Proposition 1.3, (ii) [cf.
also the commutative diagram in the proof of Proposition 1.2]. O

Remark 3.5.1. Observe that, in Proposition 3.5, the natural [outer| surjec-
tion p : A, - A,» may in fact be taken to be the natural [outer| surjection
induced by a “generalized projection morphism”. That is to say, although
the notion of a “generalized projection morphism” is only defined in Defini-
tion 2.1, (i), in the case where X'°8 is smooth, one verifies immediately that
a similar definition may be made in the case of arbitrary X'°8 [i.e., as in the
present §3|. Alternatively, in the notation of Remark 2.1.1, one may observe
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that, by a similar argument to the argument applied in Remark 2.1.1, the
symmetric group on n* letters &= acts naturally on X;f’g, hence induces a
natural outer action of &,« on A,; thus, in Proposition 3.5, one may take
the natural [outer] surjection p : A,, — A,» to be the composite of a surjec-
tion p as in the statement of Proposition 3.5 with the outer automorphism
of A, determined by an element of &,,».

Lemma 3.6. (Commensurable terminality). FEvery log-full subgroup
of A, is commensurably terminal in A,,.

Proof. Let us first observe that, to verify Lemma 3.6, we may assume with-
out loss of generality that k is algebraically closed. Let A be a log-full
subgroup of A,. Note that the inclusion A C Ca,(A) is clear. We prove
the inclusion Ca, (A) C A by induction on n. The case where n = 1 follows
from [CmbGC], Proposition 1.2, (ii). Next, suppose that n > 1, and that the
induction hypothesis is in force. Write p : A,, — A,,_1 for the natural [outer]
surjection induced by the projection morphism X, 28 — X}fﬁgl obtained by
forgetting the last factor. Then since p(A) is a log-full subgroup of A,_1 [cf.
Proposition 3.5], by applying the induction hypothesis, we conclude that
Ch, _,(p(A)) € p(A). Thus, we obtain that

p(4) € p(Ca,(4)) € Ca,,(p(4) € p(4),
hence that p(A) = p(Ca, (A)). Therefore, to verify the inclusion Ca, (A) C
A, it suffices to show that

An/n—l NA = A'rL/'rL—l N CAn (A)

— where we write A, /,,_; def Ker(p). Let z,, € X, be a log-full point of X,
such that A = A, [cf. Definition 3.4]. Write z,_1 € X,,_; for the image
of z,, via X1°® — Xifi, xfﬁ , for the log scheme obtained by restricting the
log structure of Xilofl to the [reduced, artinian| closed subscheme of X,,_;

determined by x,_1, and (X,lhf’g)ggn_1 def X8 o los :clrfl. Then we observe
n—1
that — by applying [Hsh|, Theorem 2, to the completion of the natural

log

projection morphism X}fg — X2, along the natural projection morphism

e
(X}{)g)gcw1 — xl‘f | — we may identify A, _; with the maximal pro-X quo-
tient of the kernel of the [outer] surjection ﬂl((XiLOg)x,kl) — T (xff 1) Next,

let us observe that A, /,_1 N A is a log-full subgroup of A,,/,,_; that arises

from the log-full point of the underlying scheme of (X,2%),, , determined by
Zyn [cf. the commutative diagram in the proof of Proposition 1.2]. Thus, it
follows from the case where n = 1 that CAn/n_l(An/n—l NA)C A, m_1NA,
hence that
An/nfl NA C An/nfl N CAn (A)

Q CAn/n71 (An/n,1 ﬂ A) g An/nfl ﬂ A

This completes the proof of the equality A, ,,_1NA = A, ,,_; NCa,(A)
and hence of Lemma 3.6. U
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Lemma 3.7. (Open subgroups of closed subgroups of profinite
groups via commensurable terminality). For i € {1,2,3}, let G; be
a profinite group; H; C G; an abelian closed subgroup of G;; I C Go
an abelian closed subgroup of Go. Suppose that Hy is commensurably
terminal in G1, and that there exists a commutative diagram of profinite
groups

1 Gy Gy —= G 1
1 Hy Hy Hj 1
— where the horizontal sequences are exact, and the wvertical arrows are
def

the natural injections. Suppose, moreover, that Iy = Iy NGy (respectively,

I3 ot p(I2)) is an open subgroup of Hy (respectively, of Hs). Then it

holds that Z;QCI(HS)(Hl) = Hsy. In particular, Is is an open subgroup of
Hs.

Proof. Write K> def p~Y(H3). In particular, it holds that H; C Hy C Ks. In
light of our assumption that I (respectively, I3) is an open subgroup of Hy
(respectively, of Hs), to complete the verification of Lemma 3.7, it suffices
to show that

I, C ZRS(Hy) = Ha.

First, let us observe that the inclusion Hy C Z}?;(Hl) follows from our

assumption that Hs is abelian. On the other hand, since H; is abelian and
commensurably terminal in G, the following inclusions hold:

Hy C GiNZgg(H) = Z§/(H) € Cg,(H) = Hi.

Thus, we obtain that H; = G N Z}?;(Hl) In particular, we obtain a
commutative diagram of profinite groups

1 Gl K2 e H3 — 1
1 H, ZR(Hy) —— p(ZgS(Hy)) —— 1
1 H1 H2 — H3 — 1

— where the horizontal sequences are exact, and the vertical arrows are
the natural injections. It follows immediately from this commutative dia-
gram that the inclusion Hz < p(Z}‘gg(Hl)) is, in fact, bijective, hence that

Z}g;(Hl) = H,. Finally, since I is open in Hq, and I5 is abelian, we conclude
that
L C ZR(Hy) = Ho.

This completes the proof of Lemma 3.7. O
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Theorem 3.8. (Group-theoretic characterization of log-full sub-
groups). Let | be a prime number; n a positive integer; k a field of
characteristic # 1; xx : G — Z, the l-adic cyclotomic character associ-

ated to k; S def Spec(k); S'% an fs log scheme whose underlying scheme
is S; X8 a stable log curve over S'°%; G the semi-graph of anabelioids
of pro-l PSC-type determined by X'°& — S°8 [cf. [CmbGC], Definition

1.1, ()/; X% the n-th log configuration space of X'°8;: G def 71 (S8);

T1(X8 /S198) the kernel of the natural [outer] surjection m(X28) - G;

N (X208 /518)(D - T1,, the quotient of w1 (Xi08) by the kernel of the nat-
ural surjection Wl(X}LOg/SIOg) — A,. Moreover, suppose that the following

two conditions are satisfied:

(a) k is strongly l-cyclotomically full.

(b) Let Ilg: C Ilg = Ay be a characteristic open subgroup. Observe that
IIy naturally acts on Ilg: by conjugation, hence on Hgl,)/edgeéézl Qy [cf.
the discussion entitled “Topological groups” in §0]. Write pgr : 11} —

Autg, (Hglf/edge ®z, Q) for this action of I1; on HZ‘?/edge ®z,Qq. Then

there exists a finite filtration of 111 -stable Q;-subspaces of Hagl,)/ edge®zl

Qq such that, for each subquotient of this finite filtration, there exists
an element g € 11y such that the restriction to this subquotient of
pg (9) is xx(g)-transverse [cf. Definition 3.1, (ii)/, where, by abuse
of notation, we write x(—) for the restriction of xx(—), as defined
above, via the natural [outer] surjection I — G — Gl.

Let A be a closed subgroup of A,. Then A is quasi-log-full (respectively,
log-full) if and only if A satisfies the following two conditions:

(i) The pro-l group A is abelian [hence necessarily free of rank < n —
c¢f. Proposition 1.4; Theorem 1.6; [MT], Proposition 2.2, (i)] and
free of rank n (respectively, is o maximal free abelian closed
subgroup of A,, of rank n). [Here, we recall that, by Theorem 1.6,
n is determined by the isomorphism class of the pro-l group A, .J

(ii) There exists a closed subgroup H of 11,, such that

(ii-1) the image of H via the surjection II,, — G is an open subgroup

of G;

(ii-2) the conjugation action of H on A,, preserves A C A,,, and the
resulting action of H on A is given by a character g : H —
Z);

(ii-3) the m-th power of xg [cf. (ii-2)/, where we write m for the
positive integer “m” appearing in the statement of Proposition
3.2, coincides with the restriction 6,|g of 6, [cf. Proposition
3.2] to H [via the homomorphism H — Out™©(A,,) determined
by the conjugation action of H on Ay].
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Here, we note that, in the situation of (ii-3), the definition of é,|m is man-
ifestly group-theoretic, and that a group-theoretic characterization of
the integer m may be obtained by applying Theorem 2.5, (i), (vi), together
with [when n = 1] assumption (a); Proposition 3.3, (ii); [CmbGC], Corollary
2.7, (i).

Proof. First, we note that it follows from Lemma 3.6 that the equivalence
A is log-full < A satisfies the resp’d portion of conditions (i) and (ii)
follows immediately from the equivalence

A is quasi-log-full < A satisfies the non-resp’d portion of conditions (i)
and (ii).

Thus, in the remainder of the proof of Theorem 3.8, we prove the non-
resp’d equivalence. Suppose that A satisfies conditions (i), (ii). Then we
prove that A is quasi-log-full by induction on n. First, we consider the case
where n = 1. In this case, since A is nontrivial procyclic [cf. condition (i)],
it follows from assumption (b); condition (ii); Proposition 3.2; [NodNon],
Lemma 1.6, that A is contained in a log-full subgroup C A, hence that A
is quasi-log-full.

Next, we suppose that n > 2, and that the induction hypothesis is in force.

Let k be an algebraic closure of k, S def Spec(k). In this case, we observe

that we have an exact sequence of profinite groups

Ly 1

1 HAn/l A,

— where we write p for the [outer] surjection induced by the first projection

X8 5 xlo8 and AV def Ker(p). In particular, it follows from Lemma 1.5
and condition (i) [cf. also Proposition 1.4; [MT], Proposition 2.4, (i)] that
p(A) is a free, abelian closed subgroup of Ay of rank 1. Moreover, since Z;*
admits a torsion-free open subgroup, one verifies immediately, by applying
Proposition 3.2, that, after possibly replacing H [cf. condition (ii)] by a
suitable open subgroup of H, it holds that the image of H via the natural
surjection I, — II; induced by the first projection X,llOg — X982 gsatisfies
“condition (ii) for the closed subgroup p(A) C A;”. In particular, it follows
from the case where n = 1 [which has already been verified] that p(A) is
quasi-log-full, hence, that there exists a log-full point T € X xg S such that
p(A) is an open subgroup of a log-full subgroup Az C A; associated to .
Write & € X for the image of T via the natural morphism X xg S — X,
S8 for the log scheme obtained by restricting the log structure of X8
to the closed subscheme of X determined by x. Then, by considering the

base-change of the first projection X;Og — X2 via the natural inclusion

1 .
S2% < X198 we obtain a stable log curve
def +,1
XiOg - XQOg XXlog S;:Og — S}tog

Next, observe that the stable log curve X.%® may be obtained by “attach-
ing” the tripod “IP’}% \ {0,1,00}”, in a suitable fashion, to the stable log

curve X'°8 X gioq S8, Thus, by applying Proposition 3.3, (i), (v), (vi), to
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suitable connected finite étale coverings of the tripod, we conclude from as-
sumptions (a), (b) [cf. also [NodNon|, Lemma 1.4; [CmbGC]|, Remark 1.1.3]
that “assumptions (a), (b) for the stable log curve Xo*®” hold.

Next, let us observe that the fs log scheme over Slog
X,'I.LOg XXlog Szlrog — S‘,lxog

— where the fiber product denotes the base-change of the first projection
X% 5 X108 via the natural inclusion Si8 < X8 — may be naturally iden-
tified with the (n — 1)-st log configuration space (Xz)lffl of X% On the

other hand, since the kernel of the natural [outer] surjection 7 ( (Xw)lfﬁ 1) —

71(S%) may be identified with the kernel of the natural [outer] surjection
T (X208) — m(X™8) [cf. [Hsh], Theorem 2, which we think of as being
applied to the completion of the natural projection morphism X}{)g — Xlog

along the natural projection morphism (X:E)f% L= 58], we obtain a com-
mutative diagram

1 A 11, 1T 1
1 —_ e, —=G"——1

— where we write G* % 7, (S1%) and I, for the quotient of m ((X,)\%,)
by the kernel of the natural surjection Ker(mi (Xi°8) — 1 (X108)) — Ay
the horizontal sequences are ezact; the middle (respectively, right-hand)
vertical arrow is the [outer] homomorphism induced by (Xx)l?i — X8
(respectively, Si8 — X108),

Thus, AN A, is a free abelian closed subgroup of A, /; of rank n — 1;
moreover, one verifies immediately, by applying Proposition 3.2, that [since
ZZX admits a torsion-free open subgroup] there exists an open subgroup of
the closed subgroup of IIY_; obtained by pulling back H C II, via the
arrow II7 _; — II,, of the above commutative diagram with respect to which
“condition (ii) for the closed subgroup ANA,; C A, ;" is satisfied. In
particular, we conclude from the induction hypothesis that ANA,, /1 is quasi-

log-full, hence that there exists a log-full point ¥ € (X, )n_1 X, S, such that
AN A,/ is an open subgroup of a log-full subgroup Ay C A, /; associated
to w.

Next, let us write Z € X, x5 S for the image of ¥ € (X,),_1 X5, S via
the morphism

(Xo)n-1 X5, S — (Xp x5 S) x5, S =X, x5 8

obtained by considering the base-change of the natural morphism (Xo)n—1 —
Xpn Xg Sz via the natural morphism S — S;. Here, note that since T
(€ X x5 5] and ¥ [€ (Xy)n—1 X5, S| are log-full, it follows from Proposition

1.3, (i), that z € X,, xg S is log-full. Moreover, one verifies easily that there
exists a log-full subgroup Az C A,, — among its various A,-conjugates —
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associated to z that fits into a commutative diagram

1——= Ay A, 2= Ay 1
1 Ay As Az 1

— where the horizontal sequences are ezact [cf. the ezactness discussed
above of the sequence 1 — A, ;1 — Il — Iy — 1; the commutative diagram
in the proof of Proposition 1.2], and the vertical arrows are the natural
injections. Therefore, since p(A) (respectively, ANA,, /1) is an open subgroup
of Az (respectively, Ay), it follows from Lemmas 3.6, 3.7 [where we take
the “commutative diagram” to be the commutative diagram of the above
display and “I3” to be A] that A is an open subgroup of Az, hence that A is
quasi-log-full, as desired.

Conversely, suppose that A is quasi-log-full, i.e., that A is an open sub-
group of a log-full subgroup Az C A, associated to a log-full point z €
X, xg S. Then since Az = Z;(1)®" [cf. Proposition 1.3, (iii)], we con-
clude that A satisfies condition (i). Write 528 for the log scheme obtained
by restricting the log structure of X8 {6 the image of Z via the natural
projection X,, x5S — X,,, H for the image of the composite

m(S2%) = w1 (X,%) = Iy

— where the first arrow is the [outer] homomorphism induced by the natural
morphism Siog — X}fg; the second arrow is the natural surjection. Then
one verifies easily [cf. Proposition 3.2] that H satisfies condition (ii). This
completes the proof of Theorem 3.8. O

Corollary 3.9. (Group-theoretic preservation of log-full subgroups).
Let | be a prime number; n a positive integer. For [ € {o, e}, let SEOg be an
fs log scheme whose underlying scheme is the spectrum of a field ko of char-
acteristic # 1; ngg a stable log curve over Slog; (Xé’g)n the n-th log config-
uration space of Xé)g; Wl((XlDOg)n/Slljog) the kernel of the natural [outer] sur-
jection m ((X1°%),) — GO % 7y(598); AD % ) ((X[28),,/5%)0; TID the
quotient of Wl((ng)n) by the kernel of the natural surjection Wl((Xé)g)n/
SIDOg) — AU Thus, the natural conjugation action of II) on ALl determines
a natural outer Galois action GY — Out(AL)). Suppose that, for each
O € {o, e}, the above collection of data [i.e., with “T’s” omitted] satisfies
assumptions (a), (b) in the statement of Theorem 3.8. Let

a: A0S AL
be an isomorphism of profinite groups that is compatible with the respec-
tiwe natural outer Galois actions G° — Out(AY), G* — Out(A?) relative
to some isomorphism of profinite groups G° =+ G*. Then for any quasi-
log-full (respectively, log-full) subgroup A C AS of Ay, a(A) C A? is a
quasi-log-full (respectively, log-full) subgroup of A?.
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Proof. Corollary 3.9 follows immediately from Theorem 3.8. U

Finally, in the remainder of the present §3, we introduce [cf. Definition
3.10, below] and study [cf. Corollary 3.12, below] the notion of a log-full sub-
group of smooth type and show that, at least in the case of once-punctured
elliptic curves, the condition that a log-full subgroup be of smooth type ad-
mits a simple group-theoretic characterization [cf. Proposition 3.14, Corol-
lary 3.15, below].

Definition 3.10. Let A C A,, be a log-full subgroup [cf. the discussion at
the beginning of the present §3; Definition 3.4] of A,,. Fori € {1,... ,n*} [cf.
Remark 2.1.1], write p; : A,, — A for the natural [outer| surjection induced
by the generalized projection morphism [cf. Definition 2.1, (i); Remark
3.5.1] X)°8 — X' determined by forgetting the marked points with labels
e {1,... ,n*}\{i}. Weshall say that A is of smooth type (respectively, quasi-
smooth type) if, for every i € {1,...,n*} (respectively, every i € {1,...,n}),
the log-full subgroup [cf. Proposition 3.5; Remark 3.5.1] p;(4) C A; is a
cuspidal edge-like subgroup [cf. Definition 3.1, (i); [CmbGC], Definition 1.1,
(ii)] of Ay. We shall refer to a log-full subgroup of A,, which is not of smooth
type as a log-full subgroup of singular type.

Remark 3.10.1. Observe that it follows immediately from Definition 3.10
that if there exists a log-full subgroup of A,, which is of quasi-smooth type,
then r > 0.

Proposition 3.11. (Alternative characterization of log-full sub-
groups of smooth type). Fir a clean chart P — k of S'°% [cf., e.g.,
[Hsh], Definition B.1, (ii)]. Write T'® for the log scheme whose underly-
ing scheme is Spec(k[[P]]), and whose log structure is defined by the natural
inclusion P < k[[P]]; S'%¢ — T8 for the [strict] closed immersion de-
termined by the mazimal ideal of k[[P]]. Let Y'°8 — T'% be a generically
smooth stable log curve whose base-change via S'°% < T'°% is isomorphic to
[hence may be identified with] X'°& — S°8: 5 a geometric generic point of
T; A a log-full subgroup of A,. Write Z for the hyperbolic curve over 7 de-
termined by the interior of Y'°8 X o 1; Z,, for the n-th configuration space
of Z. Here, recall that we have a natural specialization isomorphism

7r1(Zn)(l) adN Ag)

[¢f. the discussion preceding [CmbCusp], Definition 2.1, as well as [CbTpl],
Remark 5.6.1]. Then the following conditions are equivalent:

(i) A is of quasi-smooth type.
(ii) A is of smooth type.
(iii) For eachl € X, the image of A in Ag) coincides with the image, via

the above specialization isomorphism, of some log-full subgroup
of m1(Z,)W.
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Proof. First, we observe that the geometric generic fiber over 7 of the n-th
log configuration space Y8 5 Tlo8 associated to Y108 — T1°8 satisfies the
various assumptions imposed on “X 087 at the beginning of the present §3.
In particular, it makes sense to speak of log-full subgroups of m1(Z,) [which
may be naturally identified with 71 (Y% X qios 7))

Next, we observe that since the specialization isomorphism in the state-
ment of Proposition 3.11 is manifestly compatible with the various gener-
alized projection morphisms of co-length 1 [cf. Definition 2.1, (i); Remark
3.5.1] and cuspidal inertia subgroups in the images of such generalized projec-
tion morphisms, the implication (iii) == (ii) follows immediately by apply-
ing Proposition 3.5 [in the case where we take “A,” to be 71(Z,) and “n””
to be 1], together with Remark 3.5.1. Moreover, the implication (ii) = (i)
is a formal consequence of Definition 3.10.

Finally, we consider the implication (i) = (iii). Suppose that condi-
tion (i) holds. Then it follows immediately from Definition 3.10 [cf. also
[CmbGC], Proposition 1.2, (i)] that the point “z,” in Definition 3.4 that
gives rise to A maps, via the various projection morphisms Xi28 — X'os
[of which there are precisely n — cf. Definition 2.1, (i)], to a cusp of X8,
Thus, the validity of condition (iii) follows immediately from the easily ver-
ified fact that the deformation Yéog — T8 becomes trivial when restricted
to the intersection [i.e., fiber product] of the inverse images, via the projec-
tion morphisms Y,*® — Y1°8, of the reduced closed subscheme of Y [i.e., the
underlying scheme of Y1°8] defined by a cusp of Y% [cf. also the definition
of the specialization isomorphism in the statement of Proposition 3.11]. O

Corollary 3.12. (Preservation of log-full subgroups of smooth
type by FC-admissible outer automorphisms). Let A C A,, be a log-
full subgroup of smooth type, o an automorphism of A,. Set nmin = 3

Zf (g,’r) 7£ (07 3); Nmin = 2 ’Lf (g,r) = (O, 3) Then:

(i) If o is FC-admissible [c¢f. [CmbCusp|, Definition 1.1, (ii)/, then
o(A) C A, is a log-full subgroup of smooth type.

(i1) If n > npin, then o(A) C A, is a log-full subgroup of smooth
type [i.e., even if o is not assumed to be FC-admissible!].

Proof. We begin by observing that, by applying the alternative character-
ization (ii) <= (iii) of Proposition 3.11, we may assume without loss of
generality that X'°8 is a smooth log curve. Then assertion (i) follows imme-
diately from the well-known structure of fibers of Xlos Xiof’l over log-full
points [cf. [CbTpl], Lemma 5.4, (i), (ii)] — which allows one to interpret log-
full subgroups of A,,_1 as groups “Dehn(—)" of profinite Dehn-multi-twists
[cf. [CbTpl], Proposition 5.6, (ii)] — by applying induction on n, together
with [CbTpl], Theorem 5.14, (iii) [concerning the normalizer of “Dehn(—)"];
[CmbGC], Proposition 2.4, (v) [concerning the graphic fullness of such nor-
malizers|; [CmbGC], Corollary 2.7, (ii) [concerning the graphicity implied by
this graphic fullness]. Finally, assertion (ii) follows formally from assertion
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(i), together with Remark 3.10.1; Corollary 2.6, (i); [CbTpll], Theorem A,
(ii). O

Remark 3.12.1. At first glance, it may appear to be unclear whether or not
Corollary 3.12, (ii), is applicable to situations such as the situation in the
statement of Theorem D of the Introduction, i.e., situations involving two
distinct collections of data, labeled by o and e. In fact, however, Corollary
3.12, (ii), may be applied to such situations, by considering the following
argument: The ezistence of the isomorphism « of Theorem D implies [cf.
Theorem 2.5, (vi)] that the type “(g,7)” associated to the data labeled by
O € {o, o} is independent of the choice of OJ. In particular, it follows from
the [well-known!] connectedness of the moduli stack of hyperbolic curves of
type (g,r) that there exists at least one isomorphism of profinite groups

Qmod - A?L :> A:L
[i.e., arising from the classical theory of the étale fundamental group!] that
maps log-full subgroups to log-full subgroups. On the other hand, the given
isomorphism « differs from «ay,,q by composition with an automorphism a.

of Ay. Thus, the fact that ao, hence also «, maps log-full subgroups to
log-full subgroups follows from a direct application of Corollary 3.12, (ii).

Remark 3.12.2. In some sense, a more “conceptually satisfying” approach
[i.e., by comparison to the approach discussed in Remark 3.12.1] to seeing
that Corollary 3.12, (ii), is applicable to situations such as the situation in
the statement of Theorem D of the Introduction may be obtained simply by
observing that the various reconstruction algorithms of [CbTpl], [CbTplI],
and [CmbGC] that are applied in the proof of Corollary 3.12, (ii), to show
the preservation of log-full subgroups by automorphisms are, in fact, entirely
functorial and group-theoretic in nature [i.e., require as input data only
the abstract profinite group A,]. We leave the routine details to the inter-
ested reader.

Lemma 3.13. (Group-theoretic characterization of edge-like sub-
groups of smooth type for once-punctured elliptic curves). Suppose
that (g,7) = (1,1), and that X is singular. Let A be an edge-like sub-
group [cf. Definition 3.1, (i); [CmbGC], Definition 1.1, (ii)] — i.e., a
log-full subgroup — of Ay = Ilg. Then the following conditions are
equivalent:

(i) A is a cuspidal edge-like subgroup [cf. Definition 3.1, (i); [CmbGC],
Definition 1.1, (ii)] of Ilg.
(ii) The image of A via the natural surjection Ilg — Hgb is trivial.

Proof. Lemma 3.13 follows immediately from the following well-known fact:
If A is a cuspidal (respectively, nodal) edge-like subgroup of
IIg, then the natural surjection IIg —» Hagb maps A to {0}
(respectively, A isomorphically onto its [nonzero| image).
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In the following, we give a brief sketch of a proof of this well-known fact, for
the convenience of the reader. First, observe that we may assume without
loss of generality that ¥ = {l}. Write pg : IIg — Hgb for the natural
surjection. One verifies easily that pg maps cuspidal edge-like subgroups of
IIg to {0} [cf. the specialization isomorphism reviewed in the statement of
Proposition 3.11; the well-known structure theory of surface groups]. Thus,
to complete the verification of the fact of the above display, it remains to
consider the case where A is nodal. In this case, let us verify that A = pg(A).
Suppose that pg(A) is finite, hence trivial [cf. the specialization isomorphism
reviewed in the statement of Proposition 3.11; Proposition 2.2, (ii)]. Write G
for the underlying semi-graph of G. Let II,, C Ilg be a verticial subgroup [cf.
[CmbGC], Definition 1.1, (ii)] associated to the unique vertex of G. Then it
follows immediately from the well-known structure theory of surface groups
[i.e., in this case, the maximal pro-I quotient of the étale fundamental group
of the affine line!] that pg(Il,) = {0}. Thus, we conclude that the rank
two free Z;-module Hgb [cf. the specialization isomorphism reviewed in the
statement of Proposition 3.11; Proposition 2.2, (ii)] is isomorphic to the
abelianization of the pro-I completion of the topological fundamental group
of G, i.e., Z; [cf. [CmbGC]|, Remark 1.1.4], a contradiction. O

Proposition 3.14. (Group-theoretic characterization of log-full
subgroups of smooth type). Suppose that (g,7) = (1,1), and that X is
singular. Let A C A, be a log-full subgroup of A,. Then the following
conditions are equivalent:

(i) A is of smooth type [cf. Definition 3.10].

ii) The image of A via the natural surjection A, — A2P is trivial.
g J n

Proof. Proposition 3.14 follows immediately, in light of Proposition 2.2, (ii),
from Lemma 3.13. O

Corollary 3.15. (Group-theoretic preservation of log-full sub-
groups of smooth type). Let [ be a prime number; n a positive inte-
ger; ¥ a set of prime numbers which is either equal to {l} or Primes. For
O € {o, e}, let SIDOg be an fs log scheme whose underlying scheme is the spec-

trum of an algebraically closed field of characteristic ¢ X; Xg’g a stable log

curve of type (1,1) over Sg)g such that Xp is singular; (Xé)g)n the n-th log
configuration space of Xé)g; A the mazimal pro-% quotient of the kernel
of the natural [outer] surjection 7T1(<X§g)n) — 7r1(5’,1:(|)g); a: AS S AL an
isomorphism of profinite groups satisfying the following condition:

a closed subgroup A C A} of Ay is log-full if and only if

a(A) C A is log-full [cf. Definition 3.4].
Then a log-full subgroup A C A? of Ay is of smooth type (respectively,
singular type) if and only if a(A) C A? is of smooth type (respectively,
singular type) [cf. Definition 3.10].



NUMERICAL INVARIANTS AND DISTINGUISHED SUBGROUPS 53

Proof. Corollary 3.15 follows immediately from Proposition 3.14. U
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